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ON QUASI-CESARO SUMMABILITY 


By A. J. WHITE (Aberdeen) 


[Received 6 October 1959] 


1. IN a recent note (9) Kuttner has defined quasi-Cesaro summability 
in the following way. The sequence {s,,} is said to be summable by quasi- 
Cesdro means of order « (> 0) (swmmable (C*, «)) to s whenever 


ANS mI etet ay 


as n —> 00, it being assumed that the series (1.1) is convergent for each n. 

Concerning the connexion between summability (C*, «) and summa- 
bility (C,«) Kuttner proved the following two theorems: 

THEOREM A. If r is a positive integer, then {s,} is summable (C,r) to s 
whenever it is summable (C*,r) to the same sum. 

THEOREM B. The proposition that the summability (C,r) to s of {8,} 
implies its summability (C*,r) to s is false when 0 <r < 2 (r #1) but 
true when r = 1 or 2. 

Theorem B cannot be extended to the range r > 2 since there are 
sequences {s,,} summable (C,r) for which s, = o(n") and no more is 
true. For such a sequence, if r > 2, the series (1.1) will not be con- 
vergent, and the (C*,r) method will not be applicable. 

In this paper I generalize Kuttner’s definition by introducing a second 
parameter in the following way. I shall say that the sequence {s,} 
is summable by quasi-Cesdro meanst of order (a,B) (a > 0; B > 0) 
(summable (C*; «, B)) whenever 


| the’ 


t~B(s,,) = mie BB+ L= Batpriem ici (1.2) 





a+p+1 


as n > 00, where HY = we" and it is assumed that the series on the 
\_¥ 
right of (1.2) converges for each n. 
+, These are the quasi-Hausdorff means generated by the moment constants 
(rants 
B /\ atB 
The corresponding Hausdorff means have been considered by Borwein (2). 


Quart. J. Math. Oxford (2), 12 (1961), 81-99. 
3695 .2.12 G 
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Justification for the terminology is found in Theorem 2 below where 
it is shown that summability (C*; a,8) is equivalent to summability 
(C*; «) whenever both methods are applicable. 

On the other hand the sequence {(—)"n*} is summable (C*; a, B) 
whenever « > 3, 8 > 1 whereas the (C*; ~) method does not apply, so 
that the introduction of B leads to an increase in scope. 

It is easy to see that, if {s,} is summable (C,«), then the (C*; a, B) 
method is applicable to {s,} whenever 8 > a—2, and in the light of 
this we are able to extend Theorem B to values of r greaterthan 2. 
In fact, if « > 1, (C*; «,B) is applicable to {s,}, if s, > 0 (C,«), when- 
ever 8 >a—2. For, when > (s,—s,_,) is summable (C,a), then 
> (8, —8,-1)n'-* is summable (C,1) and hence > s,,n-* is convergent 
[see, for example, (4)]. We also examine in § 5 the connexion between 
summability (C,«) and (C*; a, 8) when a is not an integer. 

We work throughout with a ‘Rieszian’ definition, introduced in § 2, 
which we shall require elsewhere. The equivalence of this definition 
to the one given above occupies § 4. In § 3 we obtain a consistency 
theorem. 


2. Notation and definitions 
For a given sequence {u,} (n = 0, 1,...) we write 


Big) ax Let+P+)) . 9, 2: 
SxF(w) —_ Terre)” . (1-2) nb+2 (a = 1,8 > 0) 
(2.1) 


n>w 


subject to the convergence of the series on the right. If S%8(u) exists, 

we shall say that ‘(R*; «,8) is applicable to {u,}’. It is easily verified 

that eyt a, 8) is applicable to {w,,} if and only if } n~®+u,, is convergent. 
If p > 0, if (R*; «, 8) is applicable to {u,,}, and if 


SB) mm eco» PB+P+UE (a+ B+) 
aha) ~ 80 FE BEIT)” 





as w —> 00, then we shall write 

U, ~ sn-?(R*; a, B), 
as n —> 00, and the related notation such as u,, = 0(n-”) (R*; «, 8) is inter- 
preted in the obvious muy. In particular, if s, ~ s (R*; «,B8), where 
a>1, B>0, and s, = = da, we shall say that Sa, is ‘summable 


v=0 


(R*; «, 8) tos’. This definition may be extended to the case 0 << a < 1 
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as follows. If 0<a<_1 and B >0, we say that >) a, ‘is summable 
v=0 

(R*; «, 8) to s’ whenever 

(i) na, = 0(1) (R*; «+1, 8), 

(ii) s a,, is summable (R*; «+1, ) to s. 

n=0 

The consistency of these two definitions is shown by the following 
theorem: 

THEOREM 1. If « > 1 and B > 0, then in order that > a, be summable 
(R*; «, 8) to s it is necessary and sufficient that na, = o(1) (R*; «+1, B) 
and > a, be summable (R*; «+1, B) to s. 

A proof of this is given in Lemma 8, below. 

If (R*; «, 8) (« > 1, B > 0) is applicable to {s,} we write 





S,(a) = 3 mi (n<2x<n+1), (2.2) 
ven+1 
T p(x) = x-*Sp(x) (x > 0). (2.3) 


It is then easily verified that, for a > 1, 


fe) 


T'(a+f+1) w\*-2 dx 
a8 sani a — 
S%B(s) — Fare Thal J (1 =) Sp(x) (2.4) 


and that, since S,(x) = o(1) as x > 00, 





1 i 3) 
I(y, x) = To—) | (t—x)’-*7, a(t) dt (2.5) 


exists for all x ifa > y—1> 0. Astandard argumenty shows that for 


ere r —=” 
1iy.2) = FoF | (t—2)r3-11(8, t) dt, (2.6) 


whenever the left-hand side exists. 
We require also the means #~A(«.,,) defined for the given sequence {w,} 
by 


oe, Tetetie: fo 
i-B(u,,) = “Tea” 1 - Ba,—— 5 (a > 0,B > 0), 


it being assumed that the series on the right is convergent. Summability 


+ See, for example, (3) 142. We define, formally, 
I(1, x) = S, (x). 








84 A. J. WHITE 
(C; «,8), and related ideas, are defined in terms of these means in a 
similar way to those involving the (R*; «, 8) process. 

Finally, throughout this paper c, Co, ¢,,... denote constants not 


J 
necessarily the same at each occurrence, and >} denotes >. 
0 


3. In this section we prove the following theorem: 


THEOREM 2. If > a, is summable (R*; «,B) (8 > 0) to s, then it is 
summable (R*; a,b) (b > 0) to s whenever a > « > 0 and (R*; a,b) is 
applicable to > a,. 


Since, by Theorem 3 below, (R*; «, 8) is equivalent to (C*; «, 8), there 
is an analogue of Theorem 2 for summability (C*; «,8). It is in this 
analogue that we find justification for regarding (C*; «, 8) as a natural 
extension of (C*,a). We require first a lemma [see (8) 683]: 


Lemma 1. [f0<2<y< 2vand if s, > 0 (R*; «, 8) (8 > 0), where 
a (> 1) is not an integer, then 


y 
| I({a], t) dt = o{y-B-2(y—a)ial—a+1}, 


as x > 0, where [a] is the integral part of «. 


We first observe that, from (2.4) and (2.5), 8s, > 0 (R*; a, B) is equiva- 


lent to (a,x) = o(a-B-2) (a -> 00). (3.1) 


Next, by (2.6), 
I({«]+1,2) =e | (t—2x)I I (cx, t) dt, 
so that P 


uv ‘ 
of L({a],t)dt = M({a]+1,2)—I({a]+1,y) 
=¢, | I (cx, t)(t—2)!1-* dt— 


x 
io) 


i | | I (a, t){(t—y)!-*— (t—2x)1-%} dt. 
By (3.1) the first term is r 


Vv 
of | (t—a)(al-ag-B-2 a = ofy-B-2(y—a)ial-a+1} 
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while the second is 


{froma -yF 
mytene fafa] eso 


— of{y-B-2(y—a)ial-a+1}, 
Proof of Theorem 2. Case 1: « > 1. We may suppose, without loss 
of generality that s = 0.f Since (R*; a,b) is applicable to > a,, 8%;>(s) 
exists and we have 


83%(s) = cur? a-s\" Sn 





n) nbs 
n>w 
w)\-1 8y 
== Cw? tt Pa (1-2) ni 
n>w 
r d w\4-1 “an 
= cwtl | Ste) 7 {(1 -$) o-+| dx 


== Cosh 42 | Sp(sx)(@—ww)*-2x8--a41 dar + 


+e, wt ( Sp(x)(x—w)*-1a8->-4 dar 


=1+4,, say. 
We prove that J, = o(1) as woo; a similar argument shows that 
J, = o0(1), and this is enough to prove Case 1. 
Integrating by parts we havet 


[a]—1 ‘afl 


I, = w+ BS e[to+1.a)(2) {(2—wyetaf-ova-ao |” 5 


v=1 ” 


+ouret [ I(x}, 2(E)"“{@—wy-tah-aee-aet} de, 


Since S,(x) = o(1) (Sale) = 0(x’-) if b < £), it follows that 
I(v,x) = o(a”-*-1) (Iv, x) = o(a”-*+1+0-8) if b < B) 


for v = 1, 2,..., [a]+1, and hence that the summation term vanishes, 


+ We also exclude the case a = a = 1, the result then being obtainable by 
a single summation by parts. 
t If [a] = 0, the summation term vanishes. 
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unless « = a is an integer, when it is cw®+#I(x,w) = 0(1) by (3.1), i.e.t 


[a]—1 r 
L=w01 > c, I({a], x)(a—w)*-2-PahY+0-a-al+p+2 dy, (3,2) 
p=0 ” s 


If « is an integer, then, since our hypothesis is equivalent to (3.1), 
it follows immediately from (3.2) that J, = o(1). If « is not an integer, 


we write (3.2) as fal—1 
qL => Xr vat Ina)» 


where 
2w 
‘. = lim wt! I({a«], x) (2 —w)4-2-PyB—-b+a-a-{al +p +2 dx 
Qa tw 7 
@ 2w 
=: lim {ur |e —aye-t-raf-t0-4-talins | I({a], t) at| + 
n> tw w ” 


2w x 
+ wott | £ (a —w)t-*-vgh-b+0-0-tabev dx | Ia} 0a 
n Ww 


= o(1), 
by Lemma 1, and 


J.e= wt! I( a , #)(2—w)*-2—-PgB-b +a-a-fa]+p +2 dx 
p,2 


2w 


= w+[ I((a]+1, 2)(a—w) 2-2 Pgh -+0-atol+p +2] | 


+cw>t! | I({a]+1,2)-£ {(x—w)t--Pgh 010-0100 4) dn 
2w 


= 0(1) 


since I([a]+4, a) = o(aial-«-B-1), 

Case 2: 0<a< 1. In this case our hypothesis is that } a, is 
summable (#*;«a+1,f) to s, and that na, > 0 (R*;a+1,8). Since 
a+1 > 1, it follows from Case 1 that > a, is summable (R*; a+1,b) 
to s and again from Case 1, with s,, replaced by na,,, that 


na, >9 (R*;a+1,)), 
ie. that > a, is summable (R*; a,b) to s. 


t Certain of the c, in the expression that follows may be zero if B—b+a—a+1 
is a positive integer or zero or if «a = a = an integer. 
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4. We now show that summability (C*;a«,8) and (R*;«,B) are 
equivalent by the theorem: 


THEOREM 3. If « >0, B > 0, then > a, is summable (C*; «,B) to s 
if and only if it is summable (R*; «, B) to s. 


We require a number of lemmas: 


Lemma 2. If « > 0 and B > 0 and if (C*; «,f) is applicable to > a,, 
then 





(B+1) a+B+1 -—a-l1 B, B+1 
a+p+i™ ath 2 Baw t™P(8,,)/ Em. 


This follows from a theorem due to Andersen [(1) Theorem I]. 
We deduce from Lemma 2 the following ‘limitation condition’ for 
summability (C*; «, B): 


CoroLLary. If > a, is summable (C*; «,B) to 8, where «> 0, B > 0, 
then 
as n > ©. 


Lemma 3.} Let k be the integral part of «(> 1). Let f(x) and its first 
k+-1 derivatives be continuous and such that 


8,—8 = 0(n*), 


f(0) = f'(0) =... = f(0) = 0 
and f(x) = Het (> 1). 
Then, if U(x) = | (x—t)k-=f &+1(t) dt, 
fr) 
we have U(x) = vical TT 
O(ak+1-2) asx—> +0 (4.1) 
and §=-B(s.) = emB+1 J S8(a)U(t—m-+1) 2, (4.2) 


whenever (R*; «,B) (B > 0) is applicable to > a, 


Gergen has obtained (4.1). For (4.2) we observe first that, since 
(R*; «,B) is applicable to ¥ a, t-?-1S%F(s) = 0(1) and hence that the 
integral on the right of (4.2) is absolutely convergent. Denoting it by 


+ Lemmas 3 and 4 are based on working due to Gergen [(6) Theorems I 
and II]. The present case is slightly more complicated since infinite integrals 
and series are involved. 
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I, we have 











L,= i] USE nal) ge 
0 ee 3 te~tr? ¢ 
=0> J m0 2. ‘pumas A coe 
oa c a 
«> 5 3 | oy(1—™ ay 
p=0v=pim 


where the interchange of summation and integration is justified by 
bounded convergence since {1—(t-+-m—1)/v}*-! is a steadily increasing 
function of v, so that 
Da 
pB+2 
v=r 


< 3 max 
r>p+m 











v pB+2 





(Heo 8, 











v=p+m 


forp <t<p+l. We thus have 


me > e >, f 0 ed dt 








v=m 


= ¢ 2m sare a i ea, 


v 


=> ral v—m-+1) 


oF S Erin ™ ari 


= cm-B-1jxB(s, ), (4.3) 


where the inversion is justified since {1—(t-+-m—1)/v}*— is a steadily 
increasing function of v and U(t) = O(t-*), so that 








N-m oo ptt = N-m™ oo 
yl “a | v¢o1 ee dt — ra OF max > 3 i} 
p=0 veN+1" s mi = van +h 








= 0(1), 


as N->oo. The lemma follows from (4.3). 











ON QUASI-CESARO SUMMABILITY 89 
Lemma 4. Suppose that « > 1, B > 0, and let 
$(x) = ¥ ES* 
p<r 


and V(x) = [ (x—t)>-*9(t) dt, 
0 
then neat? were (4.4) 
O(z*-1) asx—> +0 
and S%B(s) = cwbH! SY i~B(s,)V(v—w)v-F, (4.5) 
v2 


whenever (C; «, 8) is applicable to > a,. 

Again (4.4) has been obtained by Gergen. To prove (4.5) we observe 
first that, since (C; «,) is applicable to > a,, v-P-1#~8(s,) is bounded 
and it follows from (4.4) that the series on the right of (4.5) is absolutely 
convergent. Denoting its sum by 7'(w) we havet 


T(w) =c > V(v—w) S Est} eer 


v2w n=v 
oO 8 n - 
= » 3 ai ps Ex-1V (v—w), (4.6) 
n=[w)'+1 v=[w)'+1 


where the inversion is justified since n'1-*H%—} is a decreasing function 
of n, so that 


@ 
8 
sal .  pa-1_ Sn _ 
V(v—w) > En) apa 
v=[w)'+1 n=N+1 
: | 


27 
r=n 








< 3 max 
n>N+1 





8, < Vv & ~ 
Ba} D, IVo—w)|=o(l) > Ow) 


v=[w]'+1 





as N + oo. The lemma now follows from (4.6) since 


Vo—w) = ¥ (wp) Bs, 
p<v-w 


so that 


5 E*-1V(v—w) 


v=[w)'+1 


= ) Bet y—w—p)21 Be} 
v=loyl’+1 ” ” pao ° 
n—[w]'-1 ° n 

= 2, (Pte ete eat 
p=0 v=p+[w)’+1 

= (n—w)*-! (4.7) 


since the inner sum of (4.7) is zero unless n = p+[w]'+-1, when it is 1. 


+t Here [w]’ denotes the greatest integer less than w. 
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Lemma 5. Ifa >1, 8 > 0and p > 0, then 

8, =o0(n-”) (R*; 0,8) 

if and only if 8, = o0(n-?) (C;«,B). 

This is an immediate consequence of Lemmas 3 and 4, unless « = 1, 
when it is trivial. 

Lemma 6. If «>1 and B>0, if r is a positive integer, and if 
8, > 0 (C; a, B), then n-s, = o(n-*) (C; a, B). 

The identity 


(-"S-F0-9 


is easily verified, and it follows that 
w S(t) = Fc, SxtHA(s) (t = {n-*e,}). 
p=0 
The result now follows from Lemma 5 and the consistency of (R*) 


means. 


Lemma 7. If 0< a < land B > Oand if > a, is summable (C*; «, B) 
to s, then it is summable (C*; 1, B) to s. 


We may suppose that s = 0. We then have 
t(s,,) _ cHB+} > 8,/HBt? 


= cH8+1 S Ex+B+1/H8+2 ¥ B-a-Y4a.8(g)/HB+1, by Lemma 3, 
m=n v=m 


= cB+ ¥ tH(e,)/E+* Y Bat +1, 5,4) B®, (4.8) 


where the inversion is justified since ¢*4(s,) = O(1), so that 


SB t'a8(s,)/BB+1 = OfN-P-(N + 1—m)-9} 
V+1 


p= 


and hence, for each fixed n, 


N « 
vim Pt Bin * 2 Fim 'tP(s,)/ BE 


v 


= $ O{m-«+1 7 -B-1(N + 1 —m)-*} 


= o(1) 
as Noo. Putting s, = 1 in (4.8) we have 
3 1/BB+) y mayl+p 9 BBs* — of BB+, (4.9) 


v=n m=n 
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On the other hand, the inner sum of (4.9) is, by partial summation, 


"SHA (Hasse 1/HB58) + Hes, Wath) ORs, 


m+v mtv 

which is positive since £%+8+1/H8+2 is a decreasing function of m for 
0<a<1. The result now follows easily from (4.8) and (4.9). 

Proof of Theorem 3. We may suppose that s = 0. 

Case 1: x >1. Suppose that >a, is summable (R*; a,8) to zero. 
By Lemma 6 (with p = 0) é*4(s,,) = 0(1) as n > 00. 

Now, if & is a positive integer, 

m=tB+1 1 
i -" -k-1 
on BF Nereriy} (3c m-#+O(m-*-*)}y 

Taking the (C; «,8) mean of both sides, we have 


nB+1 
EB+1 





1%8(s,,)—cfB(s,) 


Q,, . a 8m 1 
ie ->% t #( m) 4-n > En = wari ara) 


m=n 





Since s,, = (mi), we can choose k so large that the last term on 
the right is 0(1). Since also, by Lemma 6, 


int(2n) = o(m-) (u = 0,1,2,...) 


it follows that t8(s,) = 0(1) as n > 00; i.e. > a, is summable (C*; «, B) 

to zero. 
Conversely, suppose that > a, is summable (C*; «, 8) to zero. Since 
jouf ("ar ‘7) mB+1 


Eat Beh Cpt (em)> 


m=tB+1 
it follows that = aT — is summable (C; «, 8) to zero, and hence, by 
Lemma 6, that a+B-+1- 
int" ape) = o(m-), (4.10) 
m 


as m —> oo for » = 0, 1,.... Further, when k is a positive integer, 
Ex+B8+1 k 
[respi [Simro 
so that, taking the (C*; «, 8) mean of both sides, for sufficiently large k, 
we have 


HB+1 
Bil i B(s,,) +ct™ 8(s,,) — 





HB +1 ‘E . a+B+1-p. 
c bat per) toll) (4.11) 
mB b B Euxprt 


pal 
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The result now follows from (4.10) and (4.11). 
Before proving the case 0 < a < 1 we require a further lemma. 


Lemma 8. If « > 0 and B > 0, then in order that > a, be summable 
(C*; a, B) to s it is necessary and sufficient that 


na, > (C*; «+1, 8B) 
and > a,, be summable (C*; «+1, B) to s. 


We remark that, in view of what we have already proved of Theorem 
3, this lemma implies Theorem 1. 
We suppose that s = 0. Then 


t2+18(na,,) = cHB+! $ B%_,,ma,,| BB+? 
m=n 


iad = chR*t > En- n a, | Bx+P+1+¢, EB+1 A 4 En, otf GP. 


m=n 
(4.12) 
By partial summation, the first term on the right is 


= Ex, ee 
elie — b) 6 mA( eat) — Rito 
m=n 


ts cBR+}{— y Ex h- n8 8,/ Hat B+14. 


m=n 





+e, > BS .¢,/EatP+*—o,_,/B+6+1| 
m=n 


1 
ms t~B(g,_,)+-c, 8 0) +6,-4(gerea— ae 


a t~B(s,,_1)+¢, t*+18(s,)+cs,_4 BB+1) xt B+2, (4.13) 


Performing a similar calculation with the second term on the right of 
(4.12), we have 


t*+1.B(na,,) + O(n-*-18,_1)= Ct%B(s,,_1)+¢t%+18(s,,)+ 
of!) eetiroy a) Heme). (44) 


Suppose first that ¢~4(s,.) = 0(1). It follows (from Theorem 2 and 
Case 1 of Theorem 3 if a > 1, and Lemma 7, Case 1 of Theorem 3, 
and Theorem 2 if 0 < « < 1) that ¢*+44(s,) = o(1), so that by Theorem 
2 and Case 1, we have also ¢*+8+1(s,) = o(1). Further, for suitably 
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chosen ¢, and ¢,, 


i) 


c c so 8 
peril P(8q) + peat Sn) =c¢ > (Ein—n—Em—n) par pre 
n n Pye Ml m 
= ¢€¢ = Sin . t@+1 Big ,). 


m—n—1 Fat+g+2  #p+i 
m=n+1 Bm p ER 


Consequently ¢~*+1(s,.) = o(nm) and it follows from (4.14) that 
x+1A(na,,) = o(1) 


since, by the corollary to Lemma 2, s, = o(n*). 
Conversely, suppose that t*+8(na,,) = o(1) and t*+18(s,) = o(1). It 
follows from Lemma 5, Lemma 6, and Case 1 of Theorem 3 that 


t=+1B(q,) = o(n-). 
Consequently, from (4.13), 
t~B(s,_y) = ct9+¥B(s,) +c, 19+1F(a,)+ O(n-*-18,) 
= o(1) 


since, by the corollary to Lemma 2, s, = o(n*+*). 

We can now complete the proof of Theorem 3. 

Case 2: 0 < « < 1. Suppose that > a,, is summable (R*; «, 8) to zero, 
ie. that na, >0 (R*;a+1,8) and Sa, is summable (R*; «+1, 8). 
By Case 1 this implies that na, > 0 (C*; «+1, 8) and > a, is summable 
(C*; «+1, 8) to zero; i.e., by Lemma 8, > a, is summable (C*; «, 8) to 
zero. 

The converse argument is similar. 


5. We now examine the connexion between summability (C*; «, B) 
and summability (C,«). We have the theorems: 


THEeorREM 4. If >a, is summable (C,«) to 8, then it is swmmable 
(C*; y,8) to 8, where y > a > 0 if a is an integer, and y > a > 0 other- 
wise, provided that (C*; y,8) applies to > a,. 


THEOREM 5. If > a, is summable (C*; «,5) to 8, then it is summable 
(C,y) to s where y > a > 0 if « is an integer and y > « > 0 otherwise. 


We consider only the case « > 1 of these theorems. The results when 
0 < « < | are deduced from this case in the usual way. 
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We require two further lemmas: 
Lemma 9.+ If « > 1 and > s,,n-8-* is convergent, then s,, > 0 (C, x) 
n=1 


if and only i sie 
, did nP+1 > 8, v-B-2 +0 (C,a—1). 


v=n 


Necessity. We can write 


1 . 1 
#=0 oo 
and, since s,, = 0(n*+2), we can choose k so large that 


2am tt = ->% - pp ien ton). 


It is therefore sufficient to fan that 
- @ 
nB+t - pete o(1) (C,a—1) (w= 0,]1,...,k). 
m=n 


Writing S‘, for the nth (C,r) sum of > (s,—s,_,) we have, on summa- 
tion by parts, 


nB+1 pa yee onb+t Stal+1/ pB+e+ial+ 3 
” B+ +1 [a] mbt F 
+e Sey? BB+ u+tarat Cr Sn-1 pps ptrsit (5.1) 
n 


r=1 

Since S!*]+1 = o(n'“I+1), the first two terms on the right are o(1). 

Moreover, since S},_, = o(n%), we have 
. Bt h n* St _ 
Sha pptuteyi ei > &y Ee *+0(1) (h > a—r), 

so that, since n*S_,=0(1) (C,a—r), 
it follows [cf./(5) Lemma 3] that each member of the summation term 
in (5.1) is 0(1) (C,a—1). 

Sufficiency. Let 2. = ) 8, v-B- 

v=n 


Then a simple calculation shows that 
nB+2 


Ss, = — ¥2,rPA(y—1e_ _™ 
on eee a Ge piprite 


+ The case a = | of this lemma is due to Hardy (7). The sufficiency part 
of the proof given here is due, essentially, to a referee, to whom I am indebted 
for several valuable remarks. 





v=0 
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and hence that 
n-1 iz &, = -} Cr x, n*+n-! dr > x Adal aaa > x, O(v-*)+ 
+O(n-**)x,45. (5.2) 
Since x, > 0(C,a—1), it follows, a fortiori, that x, ~" and n 432, taal 
are o(1) (C,a—1) for r = 0, 1,..., k. Moreover, since x, = o(n+1), we 


may choose k so large that x, n-*+! = o(1). Hence each term on the 
right of (5.2) is o(1) (C,a—1). Consequently 


n+ ¥8,=o(l) (C,a—), 
v=1 


and it follows that 8, =0(1) (C,a). 
I remark finally that Lemma 9 also holds if n+! > s, v-8-? is replaced 


v=n 


by nf+1 >) 8,v-B-2, 


v=n+1 
Lemma 10. If 8B > <y< landif px n-B-2 is convergent, then 
aP+18,(x) = (1) (C, We é and only if - 
nbt > 8,v-B-2=o(1) (C,y). 
v=n+1 
The case y = 0 is trivial, and we suppose that 0 < y < 1. 
Let = ) 8,v-P-2 


v=n+l1 


and define g(x) to be side that g(x) = n8Ht, forn <2 <n+1. Then, 
nB+1t, = o(1) (C,y) 


if and only if I(w) = (w—2x)’—19(x) dx = 0(wY), 
1 
while aP+18,(x) = 0(1) (C,y) 
if and only if 
J(w) = f (w—zx)Y-1xBS6(2r) da = o(wY), 
1 


and it is sufficient to show that I(w)—J(w) = 0(w”). 
Writing NV = [w]—1, we have 
r+1 : 


I(w) = oS rte, J (w—a)Y-1 dx+ NB+t,, { (w—2x)Y-1dxz, (5.3) 


r+1 


J(w) = Be J (w—2x)Y-1g8H da+ty { (w—a)y-ly8+1 dx. (5.4) 
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Since n£+t,, = o(n”), it easily follows that the final term on the right 
of each of (5.3) and (5.4) is 0(w”). Next, since 
r+1 r+1 
B+1 | (w—2x)’-1 dx — | (w—a)¥—laBH1 da 


r+1 
= f (way frP—(r+y Pde (0<y <1) 


uniformly in r and N, it follows that the difference between the sums 
on the right of (5.3) and (5.4) is 


N—-1 N-1 
Of & (N—ryrr8\t,|] = SF (Nr) 0(r7-) 
y= r=1 


= 0(N?r-1) = o(w”) 
since 0O< y <1. 

Proof of Theorem 4. We suppose throughout that s = 0, and we take 
B>at+y. It is sufficient to prove that #*(s,) = o(1) for any con- 
venient value of 5; the theorem then follows from Lemma 5 and 
Theorems 2 and 3. 

Since s,, = 0(1) (C,«), it follows from Lemma 9 that 


nB+1 s s,v-P-2 — o(1) (C,a—1). 


If, « > 2, then, since > ae y—B-2 


n=lv=n 
is absolutely convergent, from a second application of Lemma 9 it follows 


that cs) a 
nm > > s,v8®=0(1) (C,a—2) 


m=n v=m 
or, inverting the order of summation (as we may by absolute con- 
vergence), we get that 


n& ¥ E_,8,v-P-1 = 0(1) (C,a—2). 
v=n 
Repeating this argument p (< a) times we see that s, = 0(1) (C,a) 
implies 


B+2-p ) Ep-3s, y-B-1 — o(1) (C,a—p). (5.5) 


If «is an integer, putting p = a in (5.5) shows that /~P-*+1(s,) = o(1). 














ON QUASI-CESARO SUMMABILITY 97 


In the case when « is not an integer, we observe first that it is 
sufficient to prove the result when 1 < a < 2. For, if « > 2, we have 


ty-al+1,B—y+1(flal—1,B-1a1+2(g)) — enB-v+2 >) Ey-{ ) Eial> 2, p-b-2 
v=n p=v 


= enB-v+2 >) Ex-18, pP-* = civb-r+\(g,), 
ae (5.6) 
where the inversion is justified by absolute convergence since B > a+. 
Putting p =[a]—1 in (5.5) shows that flJ-18+01+2( 1) is summable 
(C,a—[a]+1) to zero. Consequently, since 1 << a—[a]+1 < 2 and (if 
y >a) y—[a]+1 > a—[«]+1, it will follow from (5.6) and the case 
1<a<2 of the theorem that #*-v+1(s,) = o(1), and the result 
follows. 
Finally, to prove the theorem when 1 < a < 2 it is convenient to 
work in terms of the equivalent (R*; y,5) and (R,n,«) means. 
Since 0 < a—1 < 1, it follows from Lemmas 9 and 10 that 


aP+18p(x) = o(1) (C,a—1). 


Hence, from the relation 


S7:8(s) = cwB+2 (1S) a agy(0) Se 


we obtain, as in the proof of Theorem 2, using in place of Lemma 1 the 
result that,t for 0 <w <z < 2w, 


| B+1S,(t) dt = o{w*(x—w)iI-a+1}, 


the fact that S%;8(s) = o(1), and the theorem follows. 


Proof of Theorem 5. We suppose that s = 0 and that B > a++¥. 
Our hypothesis implies #**(s,) = o(1). 
By the arguments leading to (5.6), 


{=-B(g_) rani #LB(~x-LB+1(g, )) 


= enB+1 F ja-1B+1(g, y-B-2, (5.7) 


v=n 


Since /~A(s,.) = 0(1), it follows from Lemma 9 that 
#-1,8+1(g,) = o(1) (C,1). 


+ See (8) 683. 
3695 .2.12 H 
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Repeating this argument p (< a—1) times we see that #*F(s,) = o(1) 

— jx-vb+0(5,) = o(1) (C,p). (5.8) 
If « is an integer, putting p = a—1 in (5.8) shows that 


nB+a > g, y-B-a-1 =0(1) (C,a—1), 


and hence by Lemma 9 that s,, = 0(1) (C, a). 
When « is not an integer, we again observe that it is sufficient to 
prove the case 1 < « < 2. For, if a > 2, then, by (5.6) (with y = a), 
fo1a]+1,B—a+1(flal-1,B—1al+2(g)) —_ §uB-a+1(g. ) = 0(1), 
and the case 1 < a < 2 of the theorem implies that 
fial-LB-al+2(g) = 0(1) (C,a—[a]+1+e) (e > 0). (5.9) 
If [«] = 2, then (5.9) becomes 


nb Sg, y-B-2 = o(1) (C,a—1+), (5.10) 


and it follows from Lemma, 9 that 


8, = 0(1) (C,a+e). 


If [~] > 2, then successive applications of (5.7) (with B replaced by 
B—[a«]+2, and « successively by [«]—1,[a]—2,...) and Lemma 9 reduce 
(5.9) to (5.10) and yield the required result. 

Finally, to prove the theorem when 1 < « < 2 we work in terms of 
the equivalent (R*; «,5) and (R,n,y) means. 

By Lemmas 9 and 10 it is sufficient to prove that 
aPSe(x) = o(1) (C,y—1) (y >). 

Now 


| (w—a)Y-%bS9() dx = | (w—a)r-%eB +01] 9(2r) der, 
0 0 


and the result can be obtained, as in the proof of Theorem 2, by applica- 
tion of Lemma 1. 
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1. Introduction 
Suppose that ¢(t) e L(0, 7) and is event and periodic, with period 27, 
and that 0 
$(t) ~ > a, cos nt. 
n=1 


baa do(t) = $(t), 


t 
diitin | (t—u)'1g(u)du (t > 0, h > 0). 
0 


Throughout what follows S[{g| denotes the Fourier series of g(t) at 
t = 0, or, if g(t) is not periodic, of the even function which coincides 
with g(t) in (0,7). 

The following theorem, due to Bosanquet [(2) Theorem 2] relates 
the summability (C) of given order of S[¢] to that of S[¢4,]: 


THEOREM A. In order that S[¢| be summable (C, x) to 8 it is necessary 
and sufficient that S[¢,,| be summable (C,a—h) to s, where h is an integer 
such thatO <h <a. 


Bosanquet remarks{ [(2) 17, footnote {] that there is a possibility of 
completing Theorem A (i.e. of removing the restriction that h be an 
integer) if the functional mean ¢,(t) is replaced by some other defini- 
tion. The object of this note is to show that a ‘right’ definition is the 
analogue for ‘functions of the quasi-Cesaro means recently studied by 
Kuttner (11). In fact, writing 


Po(t) = H(t), 


b*(t) = ht | (u—1))-19(u) 4 (t > 0, h > 0), (1.1) 
t 


+ There is no loss of generality, in this note, in considering even functions 
whose Fourier series has no constant term. 

t I am indebted to Dr. Bosanquet for showing me some correspondence with 
the late Professor Hardy on this subject. 


Quart. J. Math. Oxford (2), 12 (1961), 100-14. 
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where the integral on the right of (1.1) is absolutely convergent since 
|\d(u)| is periodic, and consistency follows from (3.3), we prove the 
theorem: 


THEOREM 1. Jn order that S[¢] be summable (C, x) to 8 it is necessary 
and sufficient that S[$},] be summable (C,«a—h) to s, where 0 Ch < a. 


I also show that the mean ¢,(¢) used in Theorem A is the ‘right’ 
one for the solution of the corresponding problem with quasi-Cesaro 
summability in place of Cesaro summability, in the theorem: 


THEOREM 2. Jn order that S[¢] be summable (C*, x) to 8 it is necessary 
and sufficient that S[¢,,] be summable (C*,a—h) to s, where0 Ch <a. 


In what follows I assume (particularly in § 4) an acquaintance with 
the definitions and main results of (13) and give some further notation 
and some preliminaries in § 2. The proofs of Theorems 1 and 2 occupy 
§§ 3 and 4 respectively, and I conclude with some remarks concerning 
the relation between my results and Theorem A. 


2. Throughout this note c, co, ¢,,... denote constants, not necessarily 
the same at each occurrence, and > denotes > 

If «>0 and ¢k(t)>0 (¢,(t) > 0) as t>+0, we write ¢(t)>0 
(C*, x) ((C,«)) as t> £0. 

We shall require the functions y,(8,t) and y%(8,t), defined for « > 0, 
by 


1 

ya(B,t) = | (1—u)»wcosut du (B > 0), (2.1) 
0 

ya(B,t) = | (1-2) cos ut Bei (B > 0). (2.2) 
1 


From the Fourier-integral inversion formulae [(12) Theorem 3] we 
have, for « > 0, 


- —B-1f] _ ws 
-{* {1—(1/u)}* (wu > 1) (8 >0), (2.3) 


* 
| yx(B, t)cos ut dt = O<u<}) 


cuk(1—u)* (0S u<l) 


9 (u>1) (B > 0). (2.4) 


{ valB, t)cos ut dt = 











102 A. J. WHITE 
It can be verified that, if « > h > 0, 


18,1) =e | (uIP YEW B+hal) gr, (B>O), 25) 
1 


1 
ya(B,t) =c [ (1—uytuBtari-ry, 4(B,ut)du (B>0). (2.6) 
0 


Clearly y%(8,t) and y,(f,t) are bounded for all ¢, and it can be shown 
by standard methods [for (2.7) see (2) 19; cf. also (6)| that, for large ¢, 


ya(B,t) = caine + $7) + ots) (B > 0), (2.7) 
csin 478 er sin(t+ $70) | G(4-a-2)4 Q(t-B-2) (B>0), (2.8) 


Ya(B, t) = pB+1 + to+l 


and these formulae may be differentiated. 
If S[g] = > u,, we write 


8.(a,8,9) = > (1-2)"(2) He (2.9) 
Si(«,B,g) = = (1-2)"(Ey"« (2.10) 


subject to the convergence of the series on the right of (2.10). 
It can be verifiedf that S,,(a, 8,g) > s as w > oo if and only if 


CaP SCT am 


as noo. If } u, is summable (C), then S,,(«,8,g) > s if and only if 
> u, = 8(C,«). For, supposing (as we may) that s = 0, (2.11) becomes 


("sh = o(n8-1) (C,a+1), 
which [(4) 76] is equivalent to 

nu, =o(1) (C,a+1). 
Thus, if } wu, = 0 (C,«), (2.11) holds and S,,(a,8,g)-> 0. Conversely, 
if S,,(a,8,g)> 0, (2.11) holds, and, if Su, —0 (C), this implies 


[(2) Lemma 6] that ¥ uw, = 0 (C,«). 
Finally, we remark (13) that S*(«,8,g) is the (R*;«+1,8) mean, 


m=0 


+ The case 8 = 0 is well known, being the equivalence of summability (C, «) 
and (R, n, «), a compact proof of which is given by Gergen (7). The result stated 
above may be obtained by a straightforward adaptation of Gergen’s analysis. 
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of rank w, of the sequence {nu,}, so that S*(a,B,g) > 0 if and only if 
{nu,} is summable (R*; «+1, 8) to zero. 

3. In this section we prove Theorem 1. We require four lemmas: 


Lema 3.1. Jf f(t) € L(0, 7), then S[f | is summable (C) to s if and only 
if f(t) +f(—t) > 28 (C) as t > +0. 
See Hardy and Littlewood (8). 


Lema 3.2. (i) If ¢,(t) = o(1) as t > +0, then g¥(t) = 0(1) as t> +0, 
where y > a > 0 if a is an integer and y > « > 0 otherwise. 


(ii) Zf Px(t) = o(1) as t> +0, then ¢,(t) = 0(1) as t> +0 where 
y >a > Off « is an integer and y > « > 0 otherwise. 


(This is proved by standard methods; I give an outline of the details 
for convenience.) 


Proof of (i). In view of the periodicity of ¢(t) we have, for r = 1, 2...., 
¢,(t) = O(t) as t->oo. (3.1) 


Integrating by partst we get 
[a] 


#100 = 1, [owdsta(za) {oe—ortury] "+ 


et | wfia(u)( 7) (u—1)7-40-7-9 da (3.2) 
t 


If « is an integer, then from (3.1) and ¢,(t) = 0(1), (3.2) (with y = «) 
gives o 


820) = exdalt+eat [ wepalw)( 7) {(u—t7-Hu-2-3} du = 0(1). 
t 


If « is not an integer, we take y > « in (3.2), and use (3.1) to give 


ast) =e f wnaa( 2) 0—oy-ter 


4 > 
= otf +] = J+J 


That each of J,, J, is 0(1) as t > +0 is shown in each case by a single 


+ If {«] = 0 the summation term is absent. 
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integration by parts and use of the facts [for the first of which see (9) 
683] that 


[ waigia(u) du = oft™(a—t)-94} (0<t <a <M), 


Ptalsi(t) = 0(1). 


Proof of (ii). It can be verified that, for a > B > 0, 
* = B+1 i 1 x a—B-1 * t dt 3.3 
$a(x) = cx ee $p( ) ps2? (3.3) 


and that, since t¢,(t) = o(1) ast > +0, 
dx(x) = o(a) asx>+0 (r= 1,2....). (3.4) 


Integrating by parts we have 


+c { rienagty(o(A5)"{(@—pr-1e} de (3.5) 


0 


If « is an integer, putting y = a in (3.5) and using (3.4), we have 


rigale) = exrgtte)+e, [ r=*9gin(teZ) (ie—ne-4e} at = of") 
0 


since %(t) = o(1). 
If « is not an integer, then taking y > a in (3.5) and using (3.4) we 
have , 


a¥g,(x) = c | rarage(o(eg) (etre) dt 
0 
tax zx 
=ef+ef= itd. 
0 4a 


That I, = o(2x7) follows on integrating by parts and using the result 
that - 


f te-2p g(t) dt = a-1GF 4 4(@) = 0 (a t8-4), 
z 
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By (3.3), 


re [a]—a 
f0-7 a(t ) Se 
” @ 
a\lal-« dt t a—[a)—1 
(Fa f (1-5) st gi 
t 


Pinxj(%) Safe —a)il-9(y —t)*1al-1 dt 


c 


c 


Ptaj(U u) se 


Cc 


See, g ko 3 Ro g 


where the inversion is justified by absolute convergence in view of the 
periodicity of ¢(w). Consequently, by a standard method [(9) 683] we 
have, for 0< 44 <t <q, 


c { sau) = f (15) aa SE — f (1-3) gt 8, 
t t x 
= of{t-to1-1 (7, —4)Ial-o+1}, 
Use of this fact after a single integration by parts shows that J, = 0 (27) 
and completes the proof of (ii). 
Lemma 3.3. If « > 0,8 > 0 and if 
dx(t) = 0(1) (C,B) (t+ +0), 
then $(t) = 0(1) (C*;at+B+e) (t> +0), 
for every positive «. Conversely, if 
$(t) = o(1) (C*,a+f) (t+ +0), 
then $*(t) = 0(1) (C,B+e) (t> +0), 


for every positive e. 





We have, for fixed positive z, 


-) 


a f «—oPaguea = pf a—oe-saef (12) sate 
0 


_ 


1 
(i ae =f J (1—t)P-14(utz) dt 


("mee a 


j 
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the inversion being justified by absolute convergence since ({4(t)| being 
periodic) 1 
[ QF |g(utz)| dt = O01) (C,1) 
0 


as u—>oo. Thus x(t) = 0(1) (C,8) is equivalent to ¢g(t) = o(1) (C*, a) 
and thus by Lemma 3.2 implies ¢(¢) = 0(1) (C, «+-e), for every positive 
e. By a known result [(5) Theorem 13] this is equivalent to 


$(t) = 0(1) (C,a+B+e) 


and hence, from Lemma 3.2 again, it follows that ¢%(t) = 0(1) (C,B) 


implies that 
p(t) = o(1) (C*,a+B+e’) (e’ >e > 0). 


Conversely, if ¢(t) = 0(1) (C*; a+), then, by Lemma 3.2, 
P(t) = 0(1) (C,a+B+e), 
i.e. bpre-e(t) = 0(1) (C,a—e’) (0<€’ < max(e,a)). 
Using Lemma 3.2 again we get 
ppre-(t) > 9 (C*,a) 
and so from (3.6) (with B replaced by B+«—e’) 
da(t) +O (C,B+<«—e’). 
Lemna 3.4. Jf 8 > 0, « > 0; if g(t) € L(0, 7) and if 


ie) 
dt 
[ ionize <a 
7 
for arbitrary positive ¢, then, for w > 0, 


S,(a,B, 9) = cw | g(t)ya(B, wt) dt-+-0(1). 
0 


The error term is not required if g(t) is periodic. If 8 = 0, this result 
is well known [see (10) 567]. 

Let g(t) = g(t) in 0 <t <7 and be even and periodic with period 
27. A standard argument [(10) 567] shows that 


S,,(x,B,g) = cw { G(thya(B, wt) dt. 
0 
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Since |9(t)| is periodic, - 
wy4,, at 
[amg <e, 
7 
so that, from (2.8), 


w [ \9(0)| lya(B,wt)| dt = 0(1), 


w | ig(t)| |ya(B,t)|dt = 0(1), 


aS w —> oo, and the result stated follows immediately. 
Proof of Theorem 1. We may suppose throughout that s = 0. 
Ifa >h>0,r >0, and if B > 0, then, by Lemma 3.4 and (2.6), 


Su(a-+1, B,b) = coo [ $(t)7a+e(B, cot) dt 
0 


= cw { Os { (1 Ee realB wu) du 
.. a 


Yo-n(B,or)ur*BH1-" du [ (t—u)h*-1t-2-B--14(t) dt, 

u (3.7) 
where the inversion is justified by absolute convergence since, if w is 
fixed, then, by (2.8), 


t 
h+4r-1/9,\ a+B+1-h 
| (1 -5) (7) Iva-n(B, wu) | du < emin(t, t-*, t-6), 
Write, forp > 0,h >0,u>0, 


fo) 


dh(u) = [ (t—1)-4-*+-»g (tu) det, (3.8) 


i 


and let g = [«|+1. Choose B (= Bo), so that a+f,—h = q. We then 
have, from (3.7) and Lemma 3.4, 


S.(a-+7, Bos $) = cc | Ph (tym -n(Bo» cote) du 
0 


= 68,,(a—h, Bo, Ph r)+0(1) (3.9) 








108 A. J. WHITE 
since from (3.8), if « > 0, 


j \Wh4r(u)|u-?-* du < f. u-* du fap isonig 
=! oy) 2 ‘| (1S) a du 


<f 6) oY <a, 


because of the periodicity of |¢(y)|. 

Proof of necessity. If S[¢] is summable (C,«) to zero, then [cf. the 
remarks following (2.11)], by (3.9) (with r = 0), S[y¥4] is summable 
(C,a—h) to zero. On the other hand 





uy => (—y()a-+oy-98, (0). (3.10) 


v=0 

Hence, either S[¢jf] is summable (C,a—h) to zero or there is an 
integer p, (1 < p; <q) such that S[¢7,,,] is not summable (C,«—h) to 
zero. If the first possibility holds, then there is nothing further to 
prove. Suppose then that the second possibility holds. By consistency 
S[¢] is summable (C, «-+-p,) to zero and so, with r = p, in (3.9), S[¥4;,.] 
is summable (C,«—h) to zero. Replacing h by h-+-p, in (3.10) we see 
that there is an integer p, (p, < py < p,+g) such that S[¢7, ,,] is not 
summable (C’, «—h) to zero. Proceeding in this way we obtain a sequence 


of integers ere Te 


such that S[¢z,,,] is not summable (C,«—h) to zero for r = 1, 2,.... 
By a known theorem [(3) Theorem 1] this implies that 


bh (490 (C,e) (0<e <a—h) 
as t-> +0, and hence by Lemma (3.3) that 
g(t) +40 (C,h+p,) (r= 1,2,...) 
By consistency this implies that ¢(t) ++ 0 (C,7) for any r > 0 and hence, 


by Lemma 3.1, that S[¢] is not summable (C) to zero. This provides 
a contradiction and completes the proof of necessity. 


Proof of sufficiency. Suppose that S[¢*] be summable (C,a—h) to 
zero. It is sufficient to show that S[¢;.,,] is sur nable (C, a—h) to zero 
for v = 1, 2,.... For this implies, by (3.10) and (3.9) with r = 0, that 

















ON SUMMABILITY OF FOURIER SERIES 109 
S.,(a, Bo, ¢) = 0(1). Moreover, by Lemma 3.1, dz (t) = 0(1) (C), and so, 
by Lemmas 3.3 and 3.2, ¢(¢) = 0(1) (C) and hence, by Lemma 3.1 again, 
S[¢] = 0(C). These two facts (see the remarks following (2.11)) imply 
that S[¢] = 0 (C, a). 
Firstly S[¢;.,] is summable (C,a—h) to zero for v > 2. For by 
(3) Theorem 4 
dy(t) >0 (C,a—h+2—e) (O<e€ < 1). 
Hence, by Lemma 3.3, 
d(t)>0 (C,a+2—e’) (O< &’ <1). 
Hence, by consistency, 
d(t)>0 (Cratv—e’) (v = 2,3,...3 O< €’ <1) 
and so, by Lemma 3.3, 
brit) >0 (C,a—h—e”) (0 < €" < min(a—h, 1)). 
Our assertion now follows from a known result [(3) Theorem 1]. 
We also have 


Basle) = (+1) | (1g) 
1 


= (r+1) | $,(tx)t{(7 + 2)(t—1)t4—7(t—-1)"} 5 





= (r+1r+2) f (—1)°4,(te) 4 —ate+ay [ ¢—1yr19, (te) 
t v 
1 1 





= 22 ft. nae—CE9 [ec at, (3.11) 
0 0 
by the arguments used in Lemma 3.3. Since S[¢z,.] and S[¢j] are 


summable (C,«a—h), and a fortiori (C,«—h-+1), to zero, it follows from 
Theorem A that the Fourier series at x = 0 of 


x x 

1 ¥ 4) 1 * 

z | $7 +2\0) dt, z J y(t) dt 
0 0 


are summable (C,a—h) to zero. Putting tr = h+1 in (3.11) we see 
that the Fourier series at x = 0 of 


- | dt .a(t) dt 
0 
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is summable (C,a—h) to zero. Finally putting +t = A in (3.11) we see 
that S[¢z,,] is summable (C, «—h) to zero. 


4. Proof of Theorem 2 

We require three more lemmas: 

Lemma 4.1. If u, = 0(1) as n> c and if > u, is summable (C), then 
the (C*,«) (« > 0) method is applicable to the sequences {nu,} and 


n 
12%]: 
v=1 

We have to show that the series } v-1u, and } v-* > wu, are con- 

r=1 
vergent. 

Since }u, is summable (C), so [(1) 57] is } n-u,. But, since 
n—u, = 0(n-), it follows from Tauber’s theorem that > n-1u,, is con- 
vergent. The other result can now be obtained by partial summation, 
or by appeal to a theorem by Andersen [(1), as extended by Bosanquet 
and Chow cf. (4) Theorem B(ii)]. 

Lemma 4.2. If « > 0, B > 0, then > u, is summable (C*; «, 8) to s 
if and only if MU, =0(1) (C*;a+1,8) 
and > u, is summable (C) to s. 

Suppose that > w,, is summable (C*; a, 8) tos. Then,t by Lemma 8*, 

nu, =o(1) (C*;a+1,8) 
and } wu, is summable (C*;«a+1,8), and hence by Theorem 5* is 
summable (C) to s. 

Conversely, if nu, =0(1) (C*; «+1, 8), 
then (C*; «,8) is applicable to } u,. Hence, by Theorem 4*, > wu, is 
summable (C) to s if and only if it is summable (C*; y, 8) to s for some y. 
If we choose y so that y—a is a positive integer, then it follows, by 


consistency, that NU, =0(1) (C*; y,B) 


and hence by Lemma 8* that > wu, is summable (C*; y—1,8) to s. 
Using this argument y—a times we obtain the required result. 


Lemma 4.3. If « > 0 and B > 0, if g(t) € L(0, 7), and if 


[lol dt <a (p>), 


then, for w > 0, “ 
S2 (a, Bg) = cw | g(t)yZ(B, wt) dt-+0(1). (4.1) 
0 


+ Starred numbers refer to the lemmas and theorems of (13). 
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See the remarks on Lemma 3.4. Again the error term is not required 
if g(t) is periodic. 
Proof of Theorem 2. From Lemma 4.3 and (2.5), ifa >h > 0,r > 0, 
B > 0, then 


S2(a+1,B,b) = cw | $(t)yS,4(B, wt) dt 
0 


= cw | (t)t® dt | (u—t)h+r-ly*_4(B+h+r, wu) oie 
0 t 
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( d 
= cw | ye_,(B+h+r, wu) aie J (u—t)*+"-148 g(t) dé, 


(4.2) 
where the inversion is justified by absolute convergence since 


1 
[ (.—ar1|p(tu)ie® dt = 001) (C,1), 


as U —> 00. 
Putting 8 = 1 in (4.2) we have 
Sa(a-+r, 1,¢)=¢% SE(a—h, h+r+1,bnie)+ 
4c, 8%(a—hh+r+1,}bninsr)to(1), (4.3) 
since it is easily verified that 
[ Pasriv(t)lt? dt <0 (p>0,h>0,r>0,v>0). 

Proof of sufficiency. Suppose that S[¢,] is summable (C*; «—h) to 
zero. It follows from Theorem 4* that S[¢,] is summable (C), and 
hence from Theorem A that S[¢] is summable (C) to zero. Consequently 
by Lemma 4.2 it is sufficient to show that 


na,>0 (C*,a+1) 
as n> oo. Since, by Lemma 4.1, (C*,a+1) is applicable to {na,}, it 
follows from Theorem 2* that it is sufficient to show that 
na, >0 (C*;«+1,B) 


for some 8 (> 0) and hence by the equivalence of (C*; «+1,8) and 
(R*; «+1, 8) that it is sufficient to show that 


S* (a, B, >) > 0, (4.4) 


as w —> 00, for some B (> 0). 
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Since S[¢,] is summable (C*, «—h) to zero, it follows from Lemma 
4.2 and Theorem 2* that 
S*(a—h, B, d,) > 0, (4.5) 
as w > 00 for any B > 0. It also follows from Theorem 5* that S[¢,] is 
summable (C’, ~—h+1—e), where 0 < e < min(a—h, 1). Consequently, 
by Theorem A, S[¢,,,,| is summable (C, a—h—e) and so, by Theorem 4* 
and Lemma 4.1, is summable (C*,a—h). By Lemma 4.2 and Theorem 
2* this implies that 


S*(a—h, B, by41) > 0 (4.6) 
as w > 00 for B > 0. 


Putting 8 = h+1 in (4.5) and (4.6) and using them in (4.3) (with 
r = 0) we obtain (4.4) with B = 1. 

Proof of necessity. Suppose that S[¢] is summable (C*,«) to zero. 
It follows from Theorem 5* that S[¢] is summable (C), and hence by 
Theorem A that S[¢,] is summable (C), to zero. By Lemma 4.2 it is 
sufficient to show that 


na,(h)>0 (C*,a—h+1), (4.7) 
as n -> 00, where we suppose that 
$(t) ~ > a_(h)cos nt. 
Suppose (4.7) false. It follows from Theorem 2* thatt 
na,(h)++0 (C*;«a—h+1, 8) 
for any B > 0 and hence, by the equivalence of (R*) and (C*), that 
S%(a—h, B, by) +4 0 (4.8) 
as w—> oo. From (4.8) (with 8 = h+1) and (4.3) (with r = 0) it follows 
bea S¥(a—h,h+1, bysx) +40 
as w —> oo and hence, by using Theorem 2* again, that 
Si (a—h, h+2, bns1) + 0 
as w—>oo. Putting r = 1 in (4.3) we get that 
Si(a—h, h+-2, drs2) + 0 
as w > 00, and, by repetition of this argument, that generally 
SE(a—h, h+p, bprp) + 0 
as w—> oo, for p = 0, 1, 2,.... Hence, by Lemma 4.2, S[¢,,,,] is not 
summable (C*; ~a—h,h+-p) for p = 0, 1, ... and so by Theorem 5* it 


t Since S[¢,] is summable (C), it follows from Lemma 4.1 that (C*, «—h) is 
applicable to S[¢,], S[oy41],--- - 
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is not summable (C,«) (0<«<a—h). By arguments used in the 
necessity part of Theorem 1 this implies that S[¢] is not summable (C). 
This, by Theorem 4*, implies that S[¢] is not summable (C*, «—hA), 
which provides a contradiction. Hence (4.6) holds, and the proof of 
Theorem 2 is complete. 


5. I conclude by remarking on the connexion between Theorems 1 
and 2 and Theorem A. 

Suppose that h is a positive integer, that «a > h, and that S[q] is 
summable (C,«) to zero. It follows from Lemma 3.1 that ¢,,,(t) > 0 
as t-> +0 for some positive integer p. 


By integration by parts - 
$7(2) = Co Pn(X) +; bp sa(X) +. +Cy Ons p(®)+ 
rs d \h+p 
+epe | dnsptuyuro( 5) {(u—2)*-1u->-}du, (5.1) 
Since ¢,,,,,(¢) > 0, it can be shown that 
° d \h+p 
x | dragtupuror( =) {(u—a)"-u-*-}} du > 0 (5.2) 


as «> +0. Hence, for a > h, the Fourier series of the last two terms 
of (5.1) are summable (C,a—h) to zero. By Theorem 1, S[¢f] is 
summable (C,«—h) to zero, and hence, from (5.1), either 


S[¢,] issummable (C,a—h) (5.3) 


or, for some q, (1 < g, <h+p—1), S[¢y,.,,] is not summable (C, «—h). 
Suppose that (5.3) is false. By replacing h in (5.1) by h+1, h+-2,... we 
can obtain a sequence of integers 1 < g, < q2 < ... such that S[¢),4,,] 
is not summable (C,a—h). By the arguments in the necessity part of 
Theorem 1 this implies that S[¢] is not summable (C), giving a contra- 
diction. Thus (5.3) is true. Using a similar argument we can show that, 
if (5.3) holds, then S[¢j] is summable (C, a—h), and hence by Theorem 
1 that S[¢] is summable (C,a). Thus Theorem A is contained in 
Theorem 1. The fact that (5.1) and (5.2) cease to hold if # is not an 
integer may be regarded as a reason for the breakdown of Theorem A 
for non-integral h. 

Finally, if p is a non-negative integer, summability (C, p) and (C*, p) 
are equivalent whenever the latter method is applicable. Hence, when 
« and h are integers, Theorem 2 coincides with Theorem A. 


I should like to thank a referee for several valuable comments. 
3695 .2.12 I 
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ANALYSIS OF CUMULATIVE SUMS BY 
MULTIPLE CONTOUR INTEGRATION 
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1. Introduction 

THE purpose of this paper is to describe a simple method, using multiple 
contour integration, for obtaining formulae in the theory of probability 
of a type due to Pélya, Szegé, Pollaczek, Kac, Hunt, Bohnenblust, 
Andersen, Baxter, and especially to Spitzer (1, 2, 3, 4, 5, 6, 7, 8, 9). 
The formulae are concerned with the partial sums S,, of a sequence of 
independent and identically distributed random variables. They have 
several applications, but these will not be discussed. The method re- 
sembles that of Pollaczek but is more elementary. A simple method of 
extending the results to Markov chains is also given. 


2. Let the sequence of independent random variables be {X,,}, so that 
S, = X,+...4X,,. We shall suppose that the random variables are 
integers. This is a severe restriction from the point of view of the pure 
mathematician, and is not the only restriction we shall make, but even 
in this limited case the formulae are of interest and our novel and 
elementary proof may be lielpful. The further restriction is stated after 
equation (1). 

Let P(X,, = m) = Pm, 80 that the probability generating function of 
X,, is a Laurent series “ 
fe) = ¥ Pm? 
absolutely convergent on the unit circle. Let 

PS, _ k) = Pmkw 


so that > Pmat® =(_ Peet)" = (Fey, 
which we also write as f(z) in this paper. Let 
-1 ea) 
f™-(z) — MH Pmk z, f™*(z) _ 2. Pmk z, 
the ‘negative part’ and the ‘positive part’ of the Laurent series for 
f™z). Let 
Pars = P(S, > —1, 8, > —71,..., 8, > —1, 8, = 8—1), 
the probability, as it were, of arriving at a certain degree of success, 


Quart. J. Math. Oxford (2), 12 (1961), 115-22. 
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without having been ruined. My main task is to prove the formula 
[a special case of Spitzer (6) 336, Theorem 6.1]: 


F(z, Y; t) aes mi Para tY yt” = LF nt, y) yt” 


= (1—2y) texp[ x m-tm{ f(a) + F™+(y)}| 


(jz| <1, ly} <1, ft] <1) (1) 
subject to the conventions 
Povr,r = 1, Po,r,s = 0 (r x 8), 


and on the assumption that f(z) is regular in an open annulus containing 
the unit circle. The part in braces { } may also be written 


Im(z-") +h ly) a I, 


where g,,(y) and h,,(y) are the probability generating functions of 
min(0, S,,) and max(0,8S,,). 
Interesting special cases (seventeen in all) are obtained by putting 
y = 0orl,x=0or1, andt= 1. For example, 
> Ps, > 9....,8, > 0, &, = shyt? = exp| = m-umfn+(y)|, (2) 
1 


8,n20 
S$ P(S, > 9,..., 5, > 0)" = exp! ¥m-¥"P(S, >0)|, (3) 
1 n P| m | 
n=0 1 


(a formula due to Pollaczek and Andersen), 
> P(S, > —*,..., 8, > —r)att” = (1—2z)- texp| > m-g mit )}, 


n 


rn20 
P (4) 
an 
>) P(S, > 0,..., &,_, > 0, 8, = Of = exp| > ne P(d, = = 0)}. 
n=0 1 


(5) 
Equation (5) gives the generating function for ‘recurrent right-handed 
walks’, in the terminology of Good (10, 11), where the special case of 
the ‘trinomial random walk’ (p_,+y +p, = 1) was considered in detail 
and can be used as a check. The identity reduces to one involving 
Legendre polynomials. 

The effect of putting ¢ = 1 in some of these formulae is to obtain 
formulae for the expected number of various kinds of ‘success’ in an 
infinite sequence of trials. These expectations are sometimes infinite. 

All numbered formulae in this paper apply practically without change 
to Markov chains, for the reason given in § 5. The only previous work 
known to me, in this general area, concerned with Markov chains, is 
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due to Baxter (9). His methods are abstract and completely different 
from mine, and his results also seem to me to be different, as far as 
I can understand them. 


3. Proof of formula (1) 
Consider the multiple contour integral 


GE) ff S(%)...f(Z,) dz, dz,... dz, 
2m (1 —arz,)(2y—ay 2q)...(Zn-1—2p—1Zn)(Zp—Fn) 


where the contours will be assumed, both here and later, to be circular, 
with centres at the origins. Since we have assumed f(z) to be regular 
in an open annulus containing the unit circle, we may take |z,|, |z9|,..., 
'z,| all close to 1 on the contours, and with 





len > [zal > -- > [eal 
Let the z’s be such that, when the z’s are on these circles, we have 
|2r | < |z|—7, |r, | < 24] / |zel, ep [%y-1| < Zn—a / lal, || < Zyl. 


Then we may expand the integrand in ascending powers of the 2’s. 
The coefficient of 


ey ...2 (rr > 0, es, > 0...., &, > 9) 
in the integral itself is equal to 
Pa—r Psq—s: *** Pan—sa_ P(X, = o,—? xX, = 8g—$8},-+-, XxX), = 8,—8y_4) 
= P(S, = 8,—", S, = 8g —T yo, S, = 8,—T). 


Now put x, = ... = 2,_, = 1, a substitution which is consistent with 
the above inequalities, and we see that 


oF S(2,).--f (Zn) dz, ... dz, 
Fn = Fale, ¥) = (Fa) [- iene (8) 
where |jz|-? > |z,| >... > |z,| > lg 


on the contours. 
Now, if g(z) is a Laurent series around the origin, we have 


#; | @e={ g(a) (\a| > |2)), 
2mi J a—z | —g+(a) (|z| > |al) 


when the specified inequalities apply over the whole contour. There- 
fore we may see by a partial-fraction decomposition that 


sa | TE a> el > op. 





(7) 





—z)(z—b) a—b 


— a 
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Let us apply (8) to the contour integral 
Fame = Fams(@,Y) 
ae (55 y |. . | ee 2 )oee F(Z aS (er) F (%p41)---f (En) U2 «-- 
2m — #2, (2 —2g).. See 


with z = z,, a = 2,_4,b = 2,4, (Il <r <n); and afterwards change the 
notation from Z,,1,..., Z, tO 2>;..., Z,—-1- We get 


1 \1 (2)---f@n-a) 
Fae = (— a 2 
‘eer (sm | Jaz (1—2z,)...(Z,4—Y) * 
x {f(z +f *(2,)} dz. U2 yz. 


When r = | and r = n, the factors in the integrand in braces { } are 


respectively 
Le (a")+ fea) and f™-(Zpa)+f™*(y). 


The sum of the contents of the n braces is 


f(a NASA) +- tS Ena) Hh *(y). 





* 





n—1 
Hence De: kk = Vas Fiat pa Fontgncap (n => 2), (9) 
where Yun = eben 
(Note that |y,,| < 1 when |x| < 1, |y| < 1 since f(z) is a probability 


generating function.) Now, by i. 
Fuma —s Ym/(1—ay), 


and so (9) is true also when n = 1 if we define KF, as 1/(l—ay). There- 
fore, by induction with respect to n, 


xf name = Ym En—at+¥m+1 Fn-2+ + +¥min—1 My (10) 
and, in particular (m = 1), 

By = 1 Fy te Fyat +n Eo: (11) 
But, if exp( S_m-¥m Ym) = > B,t", 


we know, by differentiation, that the B,, satisfy the linear recurrence 
relation (11), with B, = 1. (The series are absolutely convergent when 
|t] <1, since |y,,| < 1.) Hence 


io 2) pm * 
> (1—ay)F, 4" = exp( > “Ye, 
1 


which is the same thing as equation (1). 
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4. Miscellaneous extensions 


A generalization of formula (6), which can be proved by the 
method, is 


€ sa) [- Ss S (Zs 250005 Zn) 2 dZy ... dz, 
2 
1“ TI {1,416,200 @—n 2esa)} 
TQ5+0-,8n= 

S, = To— 8g + 8n—Ta thy +... +k, ER ... Ee... nie}, (12) 
where ky, k,,..., &, are integers, Xo,..., X, are integer-valued random 
variables with joint probability generating function f(z,, 29,..., z,,) which 
is regular in an open domain containing the circular polycylinder 
|z,| =... = |z,| = 1, 2 and z,,, are new notations for the number 1, 
the contours are (as always in this paper) circles with centres at the 
origins and of radii close to 1, and on these contours 

lg, | < 2y41/2yl, In, < Zy/Zy41 (v _ 0, 1,..., 2). 


Example (i). Assume that |z,| > |z,| >... > |z,| on the contours 
and take 





kL=k=—...=kh, =¢, é&=§,=.. =& =090, 
No = 2%, m=?2=--=Mma=1, Mn = Y 
S (@4s 2a5+++3 Zn) = f(%)---F (Zn), ja] < |z,|-, ly| < |Z,l 


on the contours, and let us write s, = r, 8, = s. Then we get 


(si =) J- | f (2)... f (Zn) dz, ... dz, 
Qari (24 +++ Zp)" 1 —a21)(% — 2g) «++ (Zn — Zn) (Zn —Y) 
ee te S, > —r+2g,..., 8, > —r+nq, 
S, = s—r-+ngq)ary’. 
But the integrand is obtainable from (6) by replacing f(z) by f(z)z~¢. 


So, by an obvious extension of the proof of equation (1), as given in 
§ 3, we have 





i 


tr. 


3 P(S, > —r+q,8, > —r+2gq....,8, > —r+nq,8, = s—r+nqg 
0 


= (1—ay)*exp[ 5 m-temtemapng (e- om iw] 
(\z| <1, yl <1, It] <1), (13) 


where f™7 (y), for example, represents the Laurent series for f”(y) trun- 
cated at the power #', i.e. with the terms to the left of this power 
omitted (mq is here a product, not a pair of suffixes). 
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Example (ii). In equation (12) take 
n=5, &§=0, m=9, &=1, 1 =90, &=0, 
m%2=1, §=0, n=1, & =1, NM = 9, é, = 0, = Y, 
6=8, k=-1, k=1, =0, k=-—1, &=1, 


and we see that 


(5) f mf S (21,--., 25) d2, ... 02g 
2m (2, —2)(22—23)(%3 —24)(25 —24)(%5—Y) 


= & PUS <0, 5 > 0, > 0, 8, <0, 5, = s)y* (14) 





if |z.| > |21|, |22| > |2sl, |23] > lal, les] > eal, |25] > |y| on the con- 
tours, and the contours have radii close to 1. 

Example (iii). 

P(S, < 0, S, > 0, 8; > 0} 

a (A) fff S (21, Ze, 2a, 2g; 25) dz, dz, dz; (15) 
2nt (Za—2)(22—25)(25—1) 

where |z,| > |2,|, |22| > |z;| > 1 on the contours, the contours have 
radii close to 1, and f is regular in an open domain containing 





|21| = |22| = [25]. 

Integrals like (14) and (15) can be evaluated by repeated integration, 
in the order z,,, 2,,_1,---, 2,, by making use of (8) and of the corresponding 
results for the cases |z| > |a|, |z| > |b|, and |a| > |z|, |b| > |z|. When 
the variables X,, X,,..., X,, are independent, this method would lead 
to the same calculations as the straightforward elementary numerical 
evaluation of the left-hand sides. A method of approximating to the 
multiple integrals is to replace each contour by a regular polygon and 
sum over the vertices, or to go back in some other way to the definition 
of a Riemann integral. In the case of independence, each summation 
involves only one parameter: for example, z,_, is the parameter when 
summing with respect to z,. Sometimes this method would involve less 
and sometimes more arithmetic than the straightforward method. 

A further formula which expresses the probability that the cumula- 
tive sums will exceed assigned thresholds in an n-stage sequential 
procedure is 


P(S, > thy.) Sy > ty) 


he irr Sfu(Zq)oo- fy (Zp) dey «+s dp , (18) 


Bap. tea, —24)...@y a —%n En — 1) 
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where ¢,, tg,..., t, are integers, |z,| > |z,| >... > |z,| > 1 on the con- 
tours, and each f,(z) is regular in an annulus containing |z| = 1. This 
assumes that X,, X,,..., X, are independent but not necessarily 
identically distributed. If they are not independent, then the product 
of the f’s is to be replaced by the joint probability generating function. 


5. Markov chains 
Let q,,, be the transition probability from p tov (u,v = ..., —1, 0, 1,...) 
in a stationary Markov chain, so that 
Quy = P(Xnu = ¥\Xmn =v) (m = 0,1, 2....); 


and define the matrix 


Q(z) = {Quv2"} (u,v = ..., —1, 0, 1,...). 
The nth power of Q(z) is readily seen to be equal to 
Q(z) = | >, PlSn = # Xn =| Xo = yz). (17) 


Q”(1) is the usual n-stage transition probability matrix in which the 
information concerning the partial sums is suppressed. It is natural to 
think of Q(z) as a probability generating matrix. 

Let Q*+(z) be obtained from Q(z) by suppressing all the negative 
powers of z in each term of the matrix; let Q-(z) = Q(z)—Q?*(z), and 
let Q"+(z) and Q”~(z) be similarly defined. 

In the previous discussion we must replace p,,,, by the matrix 


{P(S, >1,..., 8, = s—r, X, = v|Xq = p)}. 


Then all of the discussion on independent random variables in the 
previous sections goes through almost unchanged, apart from the re- 
placement of various scalars by matrices. In the integrands the matrices 
appear only in the numerators. Note that v can be summed out in all 
numbered formulae (1) to (12) (after they have been modified); and 
that the most appropriate value of y is zero in order that there should 
be no ambiguity concerning the expression ‘partial sum’. Thus scalar 
equations can be obtained, almost identical with the original ones. For 
an example, see the last sentence in the next section. 


6. Generalized Markov chains 

Suppose that at the rth stage the probability of going from state yp 
to state v is pi). (For an ordinary Markov chain this probability does 
not depend on r.) Write 


Q,(z) = {aj 2”}, 
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the probability generating matrix at the rth stage. Then 


Q,(z)Q,(2)... Q,,(2) =( > P&=s X, =»|X,=pye}, (18) 


which generalizes equation (17). Thus the discussion of § 5 goes through 
with Q* replaced by the product of the Q,’s, but there will now be no 
obvious analogue of equation (1). There will be a natural analogue of 
equation (12) and of its special cases. For example, the analogue of 
equation (16) is 

{P(S, zm by. » Sr Zt n? X,, = = | Xy = p)} 


Q,(2;).-- Q,(2,) dz, ... dz, 
= (a) I- vs iio. 


The corresponding result for an ordinary Markov chain may be written 
down as a special case. 








REFERENCES 


1. F. Pollaczek, ‘Fonctions caractéristiques de certains répartitions définies au 
moyen de la notion d’ordre. Application & la théorie des attentes’, C.R. 
Acad. Sci. Paris, 234 (1952) 2334-6 ; review in Math. Rev. 13. 957. 

‘Sur la répartition des périodes d’occupation ininterrompue d’un 
guichet’, C.R. Acad. Sci. Paris, 234 (1952) 2042-4; MR 14. 188. 

3. E. 8. Andersen, ‘On the fluctuations of sums of random variables’, Math. 
Scand. 1 (1953) 263-85; MR 15. 444; Math. Scand. 2 (1954) 195-223; 
MR 16. 839; Math. Scand. 2 (1954) 193-4; MR 16. 839. 

4. M. Kac, ‘Toeplitz matrices, translation kernels and a related problem in 
probability theory’, Duke Math. J. 21 (1954) 501-9; MR 16. 31. 

Probability and related topics in physical sciences (London—New York, 
1959) ; MR 21. 314. 

6. F. Spitzer, ‘A combinatorial lemma and its application to probability theory’, 
Trans. American Math. Soc. 82 (1956) 323-39; MR 18. 156. 

‘The Wiener—Hopf equation whose kernel is a probability density’, 

Duke Math. J. 24 (1957) 327-43; MR 19. 890. 
8. J. G. Wendel, ‘Spitzer’s formula: a short proof’, Proc. American Math. Soc. 
9 (1958) 905-8; MR 21. 441. 
9. G. Baxter, ‘An operator identity’, Pacific J. Math. 8 (1958) 649-63; MR 21. 
441. 
10. I. J. Good, ‘Legendre polynomials and trinomial random walks’, Proc. 
Cambridge Phil. Soc. 54 (1958) 39-42; MR 21. 442. 
‘Random motion and analytic continued fractions’, Proc. Cambridge 
Phil. Soc. 54 (1958) 43-47; MR 21. 442. 


2. 





5. 





7. 








11. 











ASYMPTOTIC STABILITY OF 2"+a(t)z’+2=0 
By R. A. SMITH (Durham) 
[Received 13 July 1960] 


1. Tuts paper concerns the differential equation 
a” +a(t)a’+x = 0, (1) 
where a(t) > 0 is continuous in 6 <t< oo. The equation is asymp- 


totically stable if every solution x(t) has x, x’ > 0 ast—> +00. The foilow- 
ing results are proved: 


THEOREM 1. Jf (1) is asymptotically stable, then 


0 = a(t) dt (2) 
0 
oO t 
and 0c = | e- 40 | e4@ dsdt, (3) 
@ a 
t 
where A(t) = | a(s)ds. (4) 
0 


THEOREM 2. Equation (1) is asymptotically stable if (3) holds and there 
exist constants « > 0 and t, > 0 such that a(t) > « for all t > ty. 

THEOREM 3. Equation (1) is asymptotically stable if there exists a 
sequence I,, 1,,... of disjoint open intervals in (0,00) such that 


CO = Sm, T,, e. (5) 


where m,, and M,, are the minimum and maximum values of a(t) in I,, 
T,, is the length of I,, and 8,, is the smaller of the two numbers T,, and 
(1+W,)-}. 


CoroLLaRy. Equation (1) is asymptotically stable if a(t) is monotonic 
decreasing in (8,00) and (2) holds. 


Condition (3) of Theorem 1 follows immediately from a theorem of 
Wintner’s (1). As suggested by Bellman (2), certain equations of the 
type (1) can be studied by transforming them into the adiabatic oscilla- 
tor equation, about which a good deal is known. This produces results 
of restricted generality however and none of the above appears to be 
obtainable in this way. Theorem 3 resembles a theorem of Sansone’s 
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(3) concerning the adiabatic oscillator equation, but the present writer 
cannot deduce either of these results from the other. 


2. Proof of Theorem 1. If HE = x?+-(2’)?, then (1) gives 


an = —2a(2'?, (6) 


- 


T 
KT) f 2a’? { 
los Fay = {3 dt > a dt. 
6 


If H(T) + 0 as T > ~, then (2) follows from this. 
Wintner’s theorem (1) states that, if p(t), g(t) are continuous, 


p(t) #0, q(t) F 0 in (8, co), and 





ot 
20 > f [ |a(s)\ds/ \p(t)| dt, (7) 
00 
then every solution 2(t) of the differential equation 


(p(t)x’)'+-q(t)x = 0 (8) 


tends to a finite limit x(00) as t-> +00 and 2(oo) ~ 0 for at least one 
solution. If p = q = e4, then (8) is equivalent to (1) and, if this is 
asymptotically stable, (7) is false and (3) holds. 

Proof of Theorem 2. It is implicit in Wintner’s work that, if p > 0, 
q > 0 in (8,00), then (7) is also a necessary condition for (8) to have 
a solution with 2(00) #0. The conditions p > 0, q > 0 are satisfied 
when p = q = e4 and, if (3) holds, (1) cannot have a solution with 
x(co) #0. If Theorem 2 is false, (1) has a solution 2(t) for which 
E(t) ++ 0 as too. By (6), H(t) is monotonic decreasing and tends to 
a limit 7? > 0. Notice that, if x’ > 0, then x > +7 as t > 0, which is 
impossible by Wintner’s work since (3) holds. Hence 


0 < A = limsup|z’|. 


The values of ¢ > t, for which |x’(t)| > 4A form an unbounded set Q 
which is open because x’(¢) is continuous. By integrating (6) we obtain 


E(t.) > | 2a(x’)? dt > $A | ala’ |dt > 2A% | dt. (9) 
to Q Q 


This shows in particular that Q has finite measure. Since it is un- 
bounded, it must be the union of an infinite sequence {w,} of disjoint 
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open intervals and (9) shows that 

| a\x’ | dt, [ ae 

Wn Wn 
both tend to zero as n-> oo. For an infinite number of the intervals 
{w,}, |e’| must rise from the value 4A at the initial point «, to the 
value 3A at some interior point 8,. Since |x| is bounded above by 
K = E¥(t,), (1) gives 
Bn 
| x” dt 
for an infinite number of values of n. Then A = 0 because the right- 
hand side tends to zero as n-> 00. This contradicts A > 0 and proves 
Theorem 2. 

Proof of Theorem 3. If Theorem 3 is false, (1) has a solution x(t) for 

which E(t) tends to a non-zero limit as t > 00 and by scaling it suitably 
we can suppose that 2 << EH < K? (K constant) for @<t<o. This 


and (1) give K+ Mle’ > |e"| > 1M" (10) 
when |2’| < 1 and a(t) < M,. We first show that |x’| > y,, in at least 
half of the interval J,,, where 
Hy, = min{(1+M,)-(4K+5)-, $7,}. (11) 

In any sub-interval U of J, in which |x’| < p,, (10) and (11) give 
\2”| > 4 (crudely), which shows that x’(t) is monotonic in U and that 
the length of U does not exceed 4y,. This is less than $7), by (11). 
Either |x’| > p,, throughout the remainder of J,, or J, contains several 
U-intervals. Between any two of these U-intervals there is at least one 
interval J in which |x’| > w,. Throughout any part of J in which 

Bn < |x| < (1+M,)", 
(10) shows that 0 < |x2”"| << K+1, 
so that x’(t) is monotonic in that part of J and its length exceeds 

[(1+M,)*—pn] |(K+1). 
There is such a part at the beginning of J in which |2’| increases from 


p,, to (1+M,,)-1 and another such part at its end in which |x’| decreases 
from (1+¥,,)-! to p,. The length of J therefore exceeds 


2{(1+M,)*—pp}/(K+1), 


tA = 








< {ala’|at+K { dt, 
< [ aja"|dt+ 14 


Wn 


and this exceeds 8, by (11). Thus J, contains only a finite number of 
J-intervals and therefore a finite number of U-intervals also. The sum 


eee 
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of the lengths of a consecutive pair of U-intervals does not exceed 8y,,, 
which is less than the length of the J-interval separating them. This 
proves that |x’| > p,, for at least half of J,,. 

By (6) the decrease in # during the interval J, is 


A, E = f 2a(x’)?dt > 2m,, (x’)? dt > m, T,, p2. 
In In 


Then SA,E, ¥m,Tyt 
are both convergent because £ is positive and decreasing for all ¢ > 0. 
Since p,, > (4K+8)-18, by (11), 5 m,, T,,82 is also convergent. This 
contradicts (5) and establishes Theorem 3. 

Proof of Corollary. In Theorem 3 take J, to be the interval 
(@+n—1,0+n). Then 

T,=1, m,=a(0+n), M, <a(6), 5, >[1+a(6)]“ 

since a(t) is monotonic decreasing. For (5) it is sufficient to have 


S a(9+-n) divergent. This is equivalent to (2) because a(t) is monotonic. 


3. I am indebted to Professor G. E. H. Reuter for suggesting the 
problem and for helpful discussions. 
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ON REGULAR AUTOMORPHISMS OF CERTAIN 
CLASSES OF RINGS 


By E. M. PATTERSON (Aberdeen) 


[Received 22 April 1960] 


1. Introduction 

Aw automorphism 7' of a ring R (not necessarily associative) is said 
to be regular if it leaves fixed no non-zero element of R. Graham 
Higman has shown that, if 7’ is of prime order and R is an associative 
ring or a Lie ring, then R is nilpotent [(4); see also (5)]. The present 
paper arises from a consideration of how these results are modified 
when 7’ is not of prime order. Some of the theorems are concerned with 
cases in which 7' is of finite degree; certain properties of such auto- 
morphisms have already been discussed elsewhere (8). 

In the case of associative rings of prime or zero characteristic, we 
prove by means of an elementary argument that the existence of a 
regular automorphism of finite degree implies nilpotency. For Lie rings, 
Higman’s theorem does not extend in the same way. As Borel and 
Mostow have shown (3), a finite-dimensional Lie algebra admitting a 
regular automorphism need not be nilpotent. However, one of our 
results (Theorem 5) is that a Lie algebra of finite dimension over a field 
of characteristic zero is soluble if it admits a regular automorphism. 
It is possible to deduce this theorem from some of the results proved 
by Borel and Mostow,t but we shall appeal to their paper only for the 
information that a finite-dimensional simple Lie algebra over a field 
of characteristic zero cannot admit a regular automorphism. The result 
then follows from the main theorem (Theorem 3). This states effectively 
that, in classes of rings which are closed under the operation of taking 
homomorphic images and have transformation rings satisfying the 
minimum condition, the problem of deciding whether there exists a ring 
which admits a certain type of automorphism and does not coincide 
with its own radical can be reduced to the problem of deciding whether 
there exists a simple ring admitting a regular automorphism. As well 


¢ Borel and Mostow make use of semi-simple automorphisms. If an algebra 
(not necessarily finite-dimensional) admits a regular automorphism of finite 
degree, then it admits a semi-simple regular automorphism: that is, one whose 
minimal equation has no repeated factors. This is very easily proved, but in 
this paper no direct use is made of this property. 


Quart. J. Math. Oxford (2), 12 (1961), 127-33. 
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as applying this theorem to Lie algebras we use it to obtain results 
concerning associative rings satisfying the minimum condition (Theorem 
4) and Jordan algebras of finite dimension (Theorem 6). In both these 
cases we prove the nilpotency of the rings under consideration; solu- 
bility rather than nilpotency arises in the Lie case because the radical 
of a Lie algebra is soluble but not necessarily nilpotent. 

In the final section we prove that the above results no longer hold, 
even in the associative case, when finiteness restrictions are completely 
removed. In fact we prove that, if a variety of rings contains simple 
rings, then it contains semi-simple rings admitting regular auto- 
morphisms. 

Throughout the present paper the word ‘ring’ without qualification 
is taken to mean a non-associative ring, in the sense of being not 
necessarily associative. A simple ring R is one which contains no proper 
non-zero (two-sided) ideals and is such that R? +0. A semi-simple 
ring is one which is a direct sum of simple rings. If R contains an ideal 
N such that R—N is semi-simple or zero and N is contained in any 
ideal S such that R—S is semi-simple, then, for the purposes of the 
present paper, N is called the radical of R. If R is a ring whose trans- 
formation ring satisfies the minimum condition, then the radical of R 
exists [(7); see also (1)]. For associative rings satisfying the minimum 
condition, the radical defined in the above manner coincides with that 
defined in the standard way (6). 


2. Associative algebras admitting regular automorphisms of 
finite degree 


THEOREM 1. Let R be an associative ring of prime or zero characteristic, 
admitting a regular automorphism of finite degree. Then R is nilpotent. 


Proof. There is no loss of generality in assuming that R is a linear 
algebra over an algebraically closed field F since any ring of prime or 
zero characteristic can be embedded in such an algebra and a regular 
automorphism of the ring extended to a regular automorphism of the 
algebra. We therefore consider an algebra A over F with an auto- 
morphism 7': A> A having a minimal equation of the form 

(T—),)"...(T—A, yt = 0, (1) 
where 4,,..., A, are distinct non-zero elements of F and 1,..., 7), are 
positive integers. Let A(A;) be the subspace of elements x € A such that 


(7'—A,)"'~ = 0. Then the space A can be expressed as the direct sum 
of the subspaces A(A;) (i = 1,...,4). Since 7 is an automorphism of A, 
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we have [(3), (8)] A(A,)A(A;) S A(A;A;), 


where A(A;A;) is defined to be the zero subspace if A,A; is not one of 
Agyooes Age 
Suppose that there is a non-zero product 

Uy Lg vee Xe +15 (2) 

Then no product of the form 
X1Xq...%, (r <k+1) 
is zero, and so each product 
Na AaseAg, (7 = 1,....k+1) 


is in the set A,,..., A,. Since there are k+1 such products, at least two 
of them are equal; hence 


where 2; € A(A,,). 


ar aR 


for some integers p, q such that 
l<op<q<k+1. 
Since 7’ is regular, none of A,,..., A, is equal to unity. Therefore 
Ly41-+-%q = 9, 
which contradicts the hypothesis that the product (2) is non-zero. It 
follows that every product of k+-1 elements of the spaces A(A) is zero, 


and so, since A is the direct sum of these spaces, every product of k+-1 
elements of A is zero. Therefore A is nilpotent, of class at most k. 


3. Automorphisms induced by regular automorphisms 


Let R be a ring and S an ideal of R. If 7' is an automorphism of R 
such that 7(S) = S, then there is an induced automorphism 7'* of 


This automorphism is not necessarily regular when 7’ is regular. In 
the following theorem, however, we consider a case in which the property 
of being regular does extend from T' to 7'*. 


THEOREM 2. Let R be a ring and S an ideal of R. If T is a regular 
automorphism of R such that T(S)=S and (T—E)S=S, where 
E:R—R is the identity, then the automorphism T*: R—S > R—S 
induced by T is regular. 


Proof. Suppose that 7'* is not regular. Then there exists an element 
x such that 


T(xz)+S=24+S8S («eER;2z¢S8S). 
We have (T—Z)zxeS; but S = (T—E£)S, and so there exists an 


3695 .2.12 K 
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element y of S such that (77— Z)x = (T'—E)y. Therefore T leaves x—y 
fixed. Since 7’ is regular, it follows that x = y, which contradicts x ¢ S 
and yéS. Thus Theorem 2 is proved. 

Carrying the argument used in this proof a stage further, we see that, 
if T i. a regular automorphism of R such that 7(S) = S and the in- 
duced automorphism 7'* is not regular, then S contains a descending 
chain of additive subgroups S; = (7'—£)'S, each invariant under T 
and such that S;,, is properly contained in S; but is in one-to-one 
correspondence with S,. 

For algebras over a field we have the following corollary to Theorem 2: 

CoroLiaRy. Let A be an algebra over a field F and B an ideal of A. 
If T is a regular automorphism of A such that T(B) = B and T is of 
finite degree on B, then the induced automorphism T*: A—B—> A—B 
is regular. 

Proof. The minimal equation of 7’ on B can be written in the form 

ou H+-a,(7'— £)+a,(7'— £)?+...4+«,(77— £)* = 0, 
where ap, 24, &,..., a are elements of F. Since 7' is regular, a, + 0. 
Hence, if x€ B, we have a,2€(7'—£)B and so xe(7T—E)B. It 
follows that B < (7’—£)B, whence, by Theorem 2, 7'’* is regular. 


4. Applications to rings with radicals 

THEOREM 3. Let @ be a class of rings with the properties: 

(i) if Re@, then the transformation ring of R satisfies the minimum 
condition, 

(ii) if RE @, then any homomorphic image of R is in @. 

Suppose that REe@ admits a regular automorphism T such that 
(T—E)N =N, where N is the radical of R. Then either R = N or @ 
contains a simple ring admitting a regular automorphism. 

Proof. Every R of @ contains a radical N because of (i). It is easily 
seen that N is a characteristic ideal, so that 7(N) = N. Suppose that 
R+N. Then, by Theorem 2, R* = R—N admits a regular auto- 
morphism 7'*. Since R* is semi-simple and its transformation ring 
satisfies the minimum condition, we have 

R* = R, OR, @... OR, 
where R,,..., R,, are simple two-sided ideals of R*; this decomposition 
is unique. But 7'* is an automorphism of R*, and so 
R* = T*(R,) © T*(R,) @... © T*R,,), 
where, for each i = 1.,,..., m, 7'*(R;) is a simple two-sided ideal of R*. 














ON REGULAR AUTOMORPHISMS 131 


It follows that there exists a permutation z(i) of the integers 1,..., m 


such that T*(R,) a Rw: 
Let k be the least positive integer such that 
T**(R,) = R, 


(that is, the order of the cycle in x(t) containing the integer 1). Then 
7**: R, > R, is an automorphism. Suppose that x in R, is such that 
T*k(x) = x. Then 

y = 2+T*(x)+...+- T(x) 
is fixed under 7'*. But 7'* is regular, and so y = 0. Therefore, since 
x, T'*(x),..., T’**-(x) belong to different direct summands, we have 
«x= 0. Hence T**: R, > R, is a regular automorphism. 

By condition (ii), Re @ implies that R,¢ @. It follows that @ con- 
tains a simple ring admitting a regular automorphism, and so Theorem 
3 is proved. 

We apply this result to the cases of associative rings satisfying the 
minimum condition, and Lie and Jordan algebras of finite dimension. 


THEOREM 4. Let R be an associative ring satisfying the minimum 
condition and admitting a regular automorphism T such that 


(7—E)N =N, 
where N is the radical of R. Then R is nilpotent. 


Proof. Let & be the class of associative rings satisfying the mini- 
mum condition. Conditions (i) and (ii) of Theorem 3 are clearly satisfied 
in &. If a ring R in & admits a regular automorphism 7' such that 
(7—E)N = N and R +N, then, by Theorem 3, # contains a simple 
ring admitting a regular automorphism. But a simple associative ring 
satisfying the minimum condition has an identity [(6) 46] and so cannot 
admit a regular automorphism. Hence R = N and therefore R is 
nilpotent [(6) 38]. 


THEOREM 5. Let L be a Lie algebra of finite dimension, over a field 
of characteristic zero, admitting a regular automorphism. Then L is 
soluble. 


Proof. Let # be the class of Lie algebras of finite dimension over 
a field of characteristic zero. Conditions (i) and (ii) of Theorem 3 are 
satisfied in #. If Le Y and admits a regular automorphism 7’, then 
the radical of L satisfies (7— H#)N = N since L is finite-dimensional. 
If L AN, then, by Theorem 3, # contains a simple algebra admitting 
a regular automorphism. But no such algebra exists, as follows from 


—————————— 


— 


ee 
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results proved by Borel and Mostow [(3) Propositions 4.2 and 4.3]. 
Hence L = N, and so L is a soluble algebra. 


THEOREM 6. Let J be a Jordan algebra of finite dimension over a field 
of characteristic other than 2, admitting a regular automorphism. ‘'hen 
J is nilpotent. 


Proof. As in the proof of Theorem 5, we can show that, if J does not 
coincide with its radical N, then there is a simple Jordan algebra of 
finite dimension admitting a regular automorphism. But a simple 
Jordan algebra contains an identity (2) and so cannot admit a regular 
automorphism. It follows that J = N, and therefore J is nilpotent, 
since the radical of a Jordan algebra is nilpotent (2). 


5. Regular automorphisms without finiteness restrictions 
I conclude this paper by showing that very little is preserved from 
the above results when finiteness restrictions are removed altogether. 
Let R be a ring and let Z be the set of all integers. Let R?% be the 
discrete direct sum consisting of all functions «: Z > R such that a(i) 
is zero for all but a finite number of integers i, together with addition 
and multiplication defined by 


(~+B)(t) = a(t) +B(?), 

(aB)(t) = (2)B(*). 
Define 7’: R2 + R7 by T(a«) = a, 
where a,(t) = a(t+1). 
Then 7 is an automorphism of R2. If a: ZR is zero for ali but a 
finite number of integers i and satisfies a(i) = a(i+1), then clearly 
a(t) = 0 for all «. Hence 7’ is regular. Therefore, given any ring R, 
the ring R2 admits a regular automorphism. In particular, by choosing 


R to be a simple associative ring, we have an example of a semi-simple 
associative ring admitting a regular automorphism. 
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1. Introduction 
KumMeEr’s principle or theorem that the hypergeometric differential 


equation 8(8+c—1)y = 2(8+a)(5+5))y, (1) 
or equivalently 


a(1—a)D®y+-{c—(a+b-+ 1)x}Dy—aby = 0, (2) 


has 24 different solutions is well known. Here we examine its extension 
to the second-order equation of rank two, i.e. an equation of the form 


Sol(d)y+2f (8)y+x7fo(5)y = 0, (3) 


where the f are quadratics in 5. 
Briefly Kummer’s principle states that there are six types of solution 
expressible respectively in terms of variables 


2, 1 i=2; mis "3 =. 


> 


x 1—z x «—Il 


(which correspond to a set of cross-ratios), and that there are four 
varieties of each type. Thus in the variable x we have the ‘standard’ 


solution oo 
F(a,b;c;x) = (@)n (O)n ym, (4) 
&, 1! (C)n 
Euler’s identity 
F(a,b;c;x) = (l—x)*-4-°F(c—a, c—b; c; x) (5) 


gives an alternative form of this solution. To these we add the corre- 
sponding forms of the ‘second’ solution, 
xi F(a—c+1,b—c+1; 2—c; x) 
(6) 
xi-¢(1—x)*-4-9 F(1—a, 1—b; 2—c; x) 

To determine the various domains of co-existence of the several 
solutions, i.e. the areas where the regions of convergence overlap, is an 
unrewarding task: we prefer to think of the transformations as showing 
the ‘automorphisms’ of the equation itself. From this point of view 
all the automorphisms are readily deducible from (i) the ‘reversing’ 
Quart. J. Math. Oxford (2), 12 (1961), 134-44. 
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substitution x — 2-1, which, from (1), preserves the form of the equa- 
tion and (ii) Euler’s other identity 


F(a,b;e3=*) = (l—x)-*F(a,c—b;c; x) (7) 


(within the common region of convergence). This second identity may 
be regarded as more fundamental than the earlier identity (5) since, 
exploiting the symmetry in a, 6, we can deduce (5) from it. 


2. The equation of rank two 
The hypergeometric equation (1) has singularities at 0, 1, 00. We 
take the analogous equation of rank two to have singularities at 0, p-, 
q-1, co and write its equation in either of the equivalent forms 
{8(8+-c—1)—px(5+a)(5+6)—ga(5+a’)(5+b')+ 
; +pqx*(5+e)(5+f)}y = 0, (8) 
«(1 —px)(1—ga)D®y+ 
+{e—(a+b+ 1)pa—(a’'-+b'+ 1)qx+ (e+f+ 1)pqx*}Dy— 
—(abp+a'b'q—efpqx)y = 0. (9) 
We should note that, regarding p, qg as fixed, we have seven parameters 
a, b, a’, b’, c, e, f in the equation. This is excessive: for in (8) the term 
in x has at most a form 
x{(p+4q)3°+ K8+ K’}, 
while the terms in 1, 2? -just suffice to determine c, e, f: this gives five 
independent parameters. 
Now to show the behaviour of the hypergeometric equation at its 
singularities we rewrite (2) in a form 








ty fi Sie a eas 1 
Diy+(2+ — }by aaaY = (10) 
For (9) we should have a corresponding form 
. c, Ap Aq B+ B'x ¥. 
Diy+ ($+ 592 + So \oy+ = 3: (1) 


Comparing this with (9) we identify 

c(1—pa)(1—qx)+ Apa(1—qzx)+ A'qu(1—pz) 
with c—(a+b+ 1)pa—(a'+b' + 1)gx+ (e+f+ l)pge*, 
so that A =c—a—b—1, A’ = c—a’'—b’—1 


(12) 
A+A’ = c—e—f—1 


whence a+b+a'+b’ = c+e+f--l. (13) 


eee 
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This imposes one condition on the seven parameters. We have not yet 
found a second ‘compulsive’ condition to reduce the parameters to 
their proper independent number of five. 
We complete the identification of (10), (11) by noting that 
B= —abp—a’'b'q, B’ = efpq. (14) 
Then the best ‘standard’ form of (9) or (11) is probably 
(c—a—b—l)p , (c—a’—b’— ~\ p 
1— px + 1—qu y 
abp+a'b’'q—efpqx 
=Q@. (15 
x(1—pa)(1—gz) * 2m 





Dry-+| + 


c 
x 





3. Euler’s first identity 
To find an analogue of Euler’s identity (5) we write 
y = (1—pr)z, 
for some constant A, so that operating on z we replace D by 


pa 


+s 





Then (11) gives 
pa \? c, Ap A'q par 
(D+ <— “+(+ I—pat na)? + Pat 
B+ B'z a 
a(1—px)(1—qx) 











i.e. 
¢  (A+2A)p , A’g 
zt 1— px : 1—qaz 





Die+| | De+ 


+ [Cree ONO Es —0. (16) 
(1—pax)? a(1—pa)(1—qz) 
To maintain the form of (11) we must remove the term in (1—pza)-* by 
taking A = —(A+1) = a+b—c, from (12). Then, on reduction and 
substitution from (14), and using (13), we can write (15) in the con- 
venient form 
Die+ {24 oe (c—a’—b’—1)q 
x 1—px 1—qu 
_ (a—A(b—A)p+a’b'q—(e—A(f—Apwe, _ 
a«(1—pax)(1—qz) 
Thus a’, b’, c are unaltered and a, b, e, f become respectively a—d, 
b—A, e—A, f—A, where we notice that the identity (13) is preserved. 
We need a notation analogous to F(a,b;c;x) to represent the 








> 
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‘standard’ solution defined as that which ascends in powers of x from 
a leading term unity. For this we write 
b; a’,b’; ab 
V a, ’ ? > se 1 <— 
ep page| = 14+ Spe 
Evidently V = F(a,b;c; px) when gq = 0 and V = F(a’,b’;c;qx) when 
p = 0. As we see later in § 4.3, V also reduces to a form in F when 
q = Pp. 

This may not be the best notation to use but it has been found 
sufficiently convenient. The justification for grouping c, e, f together 
in the lower line is that, if we suppose a solution of the differential 
equation (8) in the form 


a'b’ 


c 





qu+.... 


« 


deg? i 


n=0 





then substitution and reduction gives a recurrence relation 
Knsi—{(a+n)(b+n)p+ (a’+n)(b'+-n)g} K+ 
+n(c+n—1)(e+n—1)(f+n—1)pqK,,_, = 9, 

so that K,, is symmetrical in c, e, f. This symmetry appears also in the 
identity (13). 

Then in terms of this notation we can express what we have just 
proved, namely the analogue of Euler’s identity (5), in the form 

a,b; a’,b’; 
er 


px, qx 
a a—aA,b—); a’,b’; | 4 a 
(1—pz) v| weap la Pee] A= atb—o 
c—b,c—a; a’,b’; 
c,c+e—a—b,c+f—a 
This, not unnaturally, reduces to (5) when q = 0. 
There is, of course, the similar identity in g, namely 


V a,b; a’,b’; 
c,e,f px, qx 


= (1—pey*7| _ ype], 1) 


a,b; c—a’,c—b’; 
c,c+e—a’—b’,c+f—a’ 
Combining these two transformations and remembering (13) we have 


a,b; a’,b’; 
v| < pe, 


= (1—gzy-*-¥V| _ pr. P* a|. (18) 


c—a,c—b; c—a’,c—b’; = | (19) 
c,c—f+l1,c—e+l1 Pt, q* |. 


= (1 payee. —gaye-« #7 
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These identities extend the standard solution V into four solutions in 
which the variables are pz, qz. 


4. Euler’s second identity 
4.1. To obtain the analogue of Euler’s identity (7) we impose on the 
equation (16) the substitution x > z,, where equivalently 
m= (i pa(l—pe,) = 1, (20) 
and so, where D, = d/dz,, 
D=—(l—pa,)?D,, — -D® = (1—pa,)*Dj—2p(1—pa,)*D,, 








l—qa = 1—(p—9)%) 
1—p2, 
Write further q, = p—4q. (21) 
These give, after some reduction, 
Diz— 5 |- E+ (A424 2)p+ = 1_| Dyz+ 
1—px —N % 





1 (* (A+A+1)p?___ B+edAp (A’—c)Apq+ B’ | ee 
l—px,| 1—pa, a(1—q, 2%) (1—px,)(1—9, 2) (22) 
Here in the coefficient of z we have, from (12), (14), (21), 
(A’—c)Apq+B' _ {ef—(e+f+A+ )Ajp(p—m) 
(1—px,)(1—q, 2) (1—pa,)(1—q, 2) 
PH 
= {ef—(e+f+A+l1)A (= } 
if—let —Ppr, 1M 2, 
Then, on further reduction, the equation giving z can be written 
‘ ce , e+f—-R—1 , c—a —V'—1 {A 2—(e+f )A+ef}p* , 
Dit (E+ 1—pa, ° 1—q 2 atid (1—pa,)? 
__ (A—ab—a'b')p+a'b’g, + {ef —(e+ft+ce—a—b)r}pq, — 
a,(1—pa,)(1—q, 2) 
As usual we choose A to remove the term in (1—pz,)-? and so preserve 
the form of the differential equation. Thus we take A = e or f; with 
A = e the equation has the form 


4f- e— —a’—b’—1 
5 
1—pa, 1—q,% 
Bs, (ce—ab—a'b’)p+a’b’q,—e(c+e—a—b) pq, x, 


x4 (1—pa,)(1—q, x) 




















Dz {e+ | Dye 


z. (23) 
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This is the equation whose standard solution is 
a,,6,; a’, b’; 
z= Vi PP’? pa, et 
Leaeene sia vt | 


when the parameters a,, b, are such that 


f—e = c—a,—},, ce—ab—a’b’ = a,b,, 
i.e. a,+b, = c+e-f, ab--a’b’+-a,b, = ce. (24) 
For symmetry in e, f it is better to work with new parameters 
a” = e—dy,, b” = e—b,, 


for these are given by 
a” +b" = e+f—c, ab+-a'b’+-a"b” = ef. (25) 
Putting these together we have the analogue of Euler’s second identity 
in the form 
a,b; a’, b’; e—a",e—b";a’,b’; px (p—q)x 
,gx| = (1—pa)-* _——., =|. 
v| c,e,f te ar| ee v| c,e,cte—a—b px—l’ px—1 
(26) 
In this we can interchange p with q or e with f or both, thus getting 
three variants of the identity. Interchange of e and f gives us 








a,b; a’,b’; _ppl|f—a’.f—b";a',b'; px (p—q)a 
o- Ae Sf 
v| c,e,f px, | a v| c,c+f—a—b,f px—l’ pxr—1 | 
(27) 


4.2. As with the ordinary hypergeometric function F(a, b;c; x), com- 
parison of (26), (27) gives (17), the analogue of Euler’s first identity. 
Precisely we make in (27) the substitution 

a, b, e, f >a—aA, b—A, f—A, e—A, 
where A = a+b—c. This entails also 
a”, b” +>a”—d, b”—dA 
and replaces (27) by 
a—AaA,b—d; a’,b’; 
c,e—A,f—A ee az] 





e—a",e—b";a',b'; pax Pa) 


a. -e+AV , 
em 5 PRR ce px—l pa-—l 


Comparison of this with (26) establishes (17). 


4.3. Two characteristics of the equation emerge from the identity 
(26). In the first place the transformation of the parameters a, b is 
quadratic: in other words a”, b” are defined irrationally in terms of the 
original parameters. .There still remains, of course,’ one degree of 
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freedom among these parameters, but it does not seem possible to 
employ it usefully by imposing a condition of rationality on a”, b”. It 
appears better to accept the quadratic relation as part of the essential 
structure of the equation, which then seems to have a ‘triangular’ 
shape. There are three pairs of ‘upper’ parameters a, b; a’, b’; a”, b"; 
and the original p, g must be extended by p—gq or g—p. In the sequel 
we find that the association is skew: we can write it (q,a,b), (—p,a’,b’), 
(p—q,a",b”). Finally, these three sets are found to be fully sufficient 
for exploring the transformations of the equation. 


4.4. If in (26) we put g = p, we get the identity 


reo 





e—a",e—b";a',b’; px 0 
c,e,cte—a—b px—l’ 





= (1—pr)-«F| e—a",e—b"; ond 
px—l 


= (1—pax)-*" F(e—a",c—e+b";c; px), (27a) 
by Euler’s identity (7). This is the third case, mentioned in § 3 above, 
in which V is reducible in terms of F. The asymmetry is only apparent 
since Euler’s first identity shows it to be equal to the same form with 
a”, b” interchanged. 
We can, of course, prove directly that (27a) satisfies the equation 
for V when g =p. For substitution of (l1—x)*y into the ordinary 
hypergeometric differential equation shows that 


y = (l—2x)-4*F(a, b; c; x) 
satisfies the three-term differential equation 
5(5-++-c— 1) —a{28?+ (a+b+¢+ 2d—1)8+ab+cd}+ 
+2°(8+a+d)(5+b+d)y = 0. 


We have then only to give a, b, d the appropriate values and to recall 
the identities connecting the parameters. 


5. The group of variables 


5.1. We consider now transformations of the variables in V ignoring 
problems of convergence: we, in fact, now regard V as indicating the 
differential equation itself and consider automorphisms of the equation. 
We have seen in § 3 that the analogue of Euler’s first identity gives 
four variants in unchanged variables px, gz. We obtain a second and 
distinct solution of the differential equation (as with the ordinary 
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hypergeometric equation) by writing in it y= 2!-z. This second 
solution is 

_ as ale 1,b—c+1; a’—c+1, b’—c+1; 
2—c,e—c+1,f—c+l 

This again has its four ‘Euler’ variants and we have in all eight forms 

in variables px, qx. Write €, » for px, gz. Then the transformation 

(26) changes the variables from £, » to ¢/(€—1), (E—7)/(€—1). Denote 


this transformation by P and write 


px, ar| . (28) 





ff f= 
P(é,») -(4 —). (29) 
Q, the similar transformation in q, will give 
Q(é,9) = (=, 4} (30) 
= 3 


There are corresponding transformations, P’ and Q’ say, in which f 
replaces e. We need not separately consider these since P’ P restores the 
original variables £, » and, in fact, as we have seen, gives an ‘Euler 
variant’. 


5.2. We must, however, consider the ‘reversing’ transformation, R say. 
Here we write y = x~*z in the equation (8) and make the substitution 
x—>1/pqz. This changes (8) into 


{8(5+-e—f)—pa(5+e—a)(5+e—b)—qu(d+e—a’)(5+e—b’)+ 

+ pqu?(5+e)(5+e—c+1)}z = 0, (31) 
an equation of the same form. There is, of course, an analogous form 
in which e, f interchange. 

Evidently R(E,n) = (n7*,€). (32) 
We should, perhaps, include the transformation C which interchanges 
p, q with their associated parameters, so that 

C(E,) = (0, &). (33) 
This, of course, in view of the symmetry is a mere change of notation 
and not of substance. 

These substitutions P,Q, R, C are all reversible, so that their squares 
are each the identity. It remains to consider what variety of trans- 
formation can be got from their various products. 

Applying (30) to (29) we get, on reduction, 

n—€ 


arta) = (4, =} 
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which is just Q, or strictly CQ. Similarly PQ is effectively P. This 
exhausts the possibilities involving P, Q alone, and gives nothing new. 
Applying (32) to (29) and (30) we get, on reduction 


RPG n)=(——*S), Roe =("— 7), 





and, in reverse, 


PREM = (A> gm) OREM = (grime) 


These are all different and give new forms of the variables; they exhaust 
the double products. 


5.3. Of the triple products we have, on reduction 





RPRG,9) = ("= 1-1), RORE.n) = (1-6, =P), (36) 





‘ 
PRrt,») = (=, 72), raga = (=), 25). en 
hh» 
But PROG, 1) = (1-1, 2—), 


so that PRQ is equivalent to RPR, and similarly QRP is equivalent 
to RQR. This exhausts the triple products. 


5.4. Continued products, if they are to be irreducible, must be com- 
posed of a run of R with each pair separated by P or Q. By what has 
just been seen a product PRQR is equivalent to RPR?, i.e. to RP, 
and similarly RPRQ is equivalent to PR. This leaves only such con- 
tinued products as PRPR, RPRP. From (37), 


_, PRPREA (ay I) 


so that PRPR is equivalent to QRQ. Similarly, again from (37), 


(7—1) 4— ) 
RPRP = (: , , 
m(é—1) §—1 
so that RPRP is again equivalent to Q RQ, and now all the four-factor 
products have been proved reducible, and we need proceed no further. 
This leaves twelve independent transformations including the identity, 
namely, 


1, P,Q, R; PR, QR, RP, RQ; PRP, QRQ, RPR, RQR. 
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1 1). 
qx’ px)’ 


The corresponding pairs of variables are 


px (p—q)x (qQ—p)e _ ge 
px—l’ px—1]’ qx—1 ’ qx—1)’ 








(px, qx), 








( 1 Pp | ( q—p 1 ) 
1—qzx’ p(1—qz)}’ q(1—px)’ 1—px}’ 


(Pe mu) (“— qx—1 } 
(p—q)x’ px | gx * (q—p)a)’ 
(pe —)) Gece ==} 
qx—1’ p(gx—1)}’ q(px—1)’ pa—1)’ 














Cae. tee 


With the ‘second’ solutions and the ‘Euler variants’ each of these pairs 
gives rise to eight different forms. There are thus in all 96 different 
forms of solution. 


5.5. Professor J. L. Burchnall has suggested that we ought to look 
at the group character of these transformations and that we can study 
them by their permutation of the singularities of the equation. 

If we write these singularities in the order (00, p-!, q-!, 0) and number 
them thus as (1 23 4), then P, Q, R effect the respective permuta- 
tions (12), (13), (14)(23). The permutation (23) by itself is excluded 
since it is merely the symmetrical interchange C. This exclusion halves 
the total number of 24 permutations on the four singularities leaving 
us with 12, which suggests that our number is complete. 


6. The full solutions 

6.1. In the preceding section we have examined the Kummer trans- 
formations in skeleton in terms of the variables alone. These need to 
be embodied in the full forms of solution. In (17), (18), (19) we already 
have the ‘Euler variants’ of V in full; in (28) we have the ‘standard’ 
second solution of which the ‘Euler variants’ are readily written down. 
The effect of the transformation P is given in (26). 

From the symmetry of the equation the transformations fall into 
symmetrical pairs P,Q; PR, QR, etc. We need give only the form in 
P; the symmetrical fellow comes, of course, by interchanging p, a, b 
with q, a’, b’. Thus we need consider only the transformations PR, RP, 
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PRP, RPR and, of course, R itself. For R we have at once from § 5.2, 
and in particular, from (31), 
e—a,e—b; e—a’,e—b’; +S 1 
e—ftl,e,e—c+1 qa’ pr|’ 
We may regard this as the ‘first’ solution and the solution with e, f 
interchanged as the second solution. 
When we apply the Euler transformation P to the function V, in 
(38) we need the analogues of a”, b” for its parameters. Writing «, B 
for these analogues we have, from (25), 


a+B = e+f—c, 
(e—a)(e—b)+(e—a’)(e—b’)+a8 = e(e—c+1), 
so that ab-+-a'b’+aB = ef, 
and a, f are precisely a”, b”. Thus, from (26), (38), 


Vz = (1—gay-V| 


Vp = =| (38) 


e—a’,e—b"; e—a’,e—b’;_ 1 _p—4q 

e—f+l,e,at+b—f+1l 1—gqz’ p(l—gz) 
This represents the transformation PR. Conversely, when we apply R 
to (26) we get the solution 





| (39) 





Vap = 2 a”,b";e—a’,e—b’;  px—1 mt 


a+b—c+l,e,e—c+1;(p—q)x’ pax 
6.2. In applying the transformation P to V,p we need to find the 
analogues of a”, 6”, say a, 8. Then 


a+B = 2e—a—b, a”b" +-(e—a’)(e—b’)+ a8 = e(e—c+1), 


which gives a, 8 = e—a, e—b, and we have 


Verp = (1 —q2)-V| 


(40) 


a,b; e—a’,e—b’; px—l1 q(px—1) 
a+b—c+1,e,a+b—f+1; qgxr—1’ p(qx—1) 
Finally, operating on (39) with R from (38) we get 

Yap = a sas ef =< ae], i) 
This completes the list of the full forms with parameters; it may be 
remarked that they all pivot on an unvaried parameter e. 





| (41) 
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By R. WILSON (Swansea) 
[Received 11 October 1960] 


1. Introduction 
LET o(z) = >e, g° ox te i} (1) 


where G(z) is an integral function of type h (> 0) and positive order p. 
Then the coefficients c,, (n > 1) can be interpolated by a unique integral 
function F(z) of order p’ = p/(p+-1) and type h’ = {(p+1)/p}(hp)"+». 
Macintyre and Wilson (3) have proved the theorem: 
THEOREM 1. The directions of strongest growth of F(z) as z tends to 
infinity are the same as those of (z) as z tends to unity. 


By this is meant that 


log | F( Re'?)| 


tien 1 SUP olor _ 


(2) 
and = lim sup log |@(Re‘#)|, i.e. lim sup 7? log |y(1—re-*)| 
R->2 Re r—0 


reach their maxima for the same values of ¢. 

This is a fairly deep result, and the question arises as to whether and 
how it can be sharpened. It is proposed to do this in two ways: firstly, 
to consider more closely the relationship between corresponding direc- 
tions of strongest growth of F(z) and G(z) and, secondly, to consider 
the relationship, if any, between the sets of points at which log|F(z)| 
and log|G(z)| are large. 


If we set F(z) = me, f(z) = >) a, 2-*-1, 
: 0 
0 





then %(e-*) and f(z) differ by a function which is regular in the neigh- 
bourhood of z = 0 [ef. (2) 3; (3) 302]. Since [(3) § 3] 


lim sup r?log|y(e-**~)| = lim sup r? log]y(1—re-) 
r—0 r—0 


2 


Quart. J. Math. Oxford (2), 12 (1961), 145-52. 
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and lim sup 7? log 
r—>0 


1 ; 
ae ae id 
= lim sup 5, log |G( Re?) | (3) 














146 R. WILSON 


it follows from (2) and (3) that we are really concerned with the relation- 
ship between the directions of strongest growth of F(z) and z-1f(z-). 
These are two integral functions of which the latter is the Laplace 
transform of the former. In other words, F(z) is the Hadamard product 
of e* and z-'f(z~"). It is known, however, that the Hadamard product 
of the sole direction of strongest growth of e* and a direction of strongest 
growth of any kind of a second function effectively gives rise to a 
direction of strongest growth in the composition function, a fact which 
is put in evidence by the result of Theorem 1 [(6) Theorem 2 (i)]. What 
now has to be determined is whether each resultant direction of strongest 
growth is of the same nature as the original one. To this end we con- 
sider the behaviour under Hadamard composition of the singular direc- 


tions which arise from the generalized Laplace transforms [(6) § 2] of 
the functions concerned. 


2. Directions of strongest growth and singular directions 

There is a well-known theorem connecting the directions of strongest 
growth of an integral function with the singular directions of its 
generalized Laplace transform [(6) Theorem A, where further references 
are given]. 

THEOREM A. The indicator h(@) of an integral function of finite order 
and mean type h attains its maximum h for a direction argz = 0 if and 


only if the conjugate direction of its generalized Laplace transform 
argz = —0@ is a singular direction. 


The directions of strongest growth are those for which h(@) attains its 
maximum, and singular directions are lines from the origin passing 
through a singular point on the circle of convergence. 

We now proceed to consider the relations between the singular direc- 
tions of the generalized Laplace transforms of F(z) and z-1f(z-1). The 
generalized’/Laplace transforms of F(z) and z—1f(z-!) are, with o = p=, 


ao 


> P{(n+1)(o+1)} 
T'(n+1) 


respectively, and the latter is the Hadamard product of the former and 
the series 





a,z-"-! and 5 T'(no+o)a, 2-"-1 (4) 
0 





S DP(no+o)T(n+1) na 
—~ T(n+1y(o+l}o 


This series has an isolated critical point at 


Pe 
~ (eI 
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with a dominant algebraic element of weight [4,0] and no other singu- 
larities.} Although this critical point is of a more complicated character 
than an algebraic-logarithmic point, yet its coefficient properties are 
simpler and the arguments used in the case of an algebraic-logarithmic 
singularity with a single dominant element (7) are readily applicable 
to this case. Hence we have the lemma: 


Lemma 1. The Hadamard product of an isolated critical point with a 
dominant algebraic element and any other kind of singular point, whether 
isolated with respect to the circumference or an end-point or interior point 
of a singular arc, is effectively singular. 

Given the component singularity we now have to consider the nature 
of the resultant singularity. Since the critical singularity is at an 
isolated point, it cannot change the character of the other component 
except in regard to multiformity. For the singularities in Lemma 2 are 
each defined by their relation to neighbouring singularities and, since 
these remain unchanged by the Hadamard composition referred to 
above, the character of such singularities is unaltered by the operation. 
In fact, under Hadamard composition with such a singularity, the star- 
domain of the composition function is identical with that of the original 
function. The detailed results are stated explicitly in the lemma: 


Lemma 2. The Hadamard product of a critical singularity having a 
dominant algebraic element and (i) a unique singularity, (ii) an easily 
approachable singularity, (iii) a virtually isolated singularity, (iv) an 
isolable singularity, (v) the end-point of a singular arc, (vi) a singular 
interior point of a singular arc, is a singular point of the same kind except 
that the property of uniformity is not preserved. 


For example, the Hadamard product of the critical point with an 
isolated essential point is an isolated critical point. 

In conformity with a theory recently developed (5, 6), we can restate 
the results of Lemma 2 in terms of the directions of strongest growth 
of F(z) and z-'f(z-1). In this, the singular directions of the generalized 
Laplace transforms are replaced by the corresponding directions of 
strongest growth of the original integral functions. To the categories 
of singularity referred to in Lemma 2 correspond unique, accessible, 
isolated, isolable, and bounding or interior directions of a set of direc- 
tions of strongest growth. Thus, using (4) with Theorem A and 
Lemma 2, we get the theorem: 


+ From the properties of the integral in [(3) 301 (9)] with o, = 1 and the use 
of (14) in (6). 
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THEOREM 2. The corresponding directions of strongest growth of F(z) 
and G(z) are each of the same kind. 


For, since £(e~*) and f(z) differ by a function which is regular near 
z = 0, it follows from Theorem 1 and the argument above that the 
directions of strongest growth of G(z) and z—1f(z-!) are of the same kind. 


3. Points at which |F(z)| and |G(z)| are large 
Along a direction of strongest growth there is a set of points of positive 
upper linear density for which, at the same time [(5) 409] 


R-? log|G(Re*®)| > h—e, R-* log M(R) > h—-e', (5) 


for some «’ > « > 0, where M(R) is the maximum modulus of G(z) on 
ls] == ZB. 

If there is only one direction of strongest growth, then log|G(z)| is 
large in the sense given in (5) only at a set of points on this line. In 
particular, for the function e’, 


R-"log|exp(Re)| = 1, R-log M(R) = 1 (6) 


at every point on the positive real axis. 
We consider here the Hadamard product of z~!f(z-") and e” 


Faas [ wyorven®, 7) 


3 juj=R 
which is the inverse Laplace transform of z-!f(z-). 

To begin with, only wnique directions of strongest growth will be 
considered. Since, in this case, it is possible to dissect the function into 
two parts, one of which has this as its sole direction of strongest growth 
while the other has the remaining directions of strongest growth and 
no others, there is no loss of generality in assuming that z~1f(z-1) has 
only one direction of strongest growth, argz = 0, say. 

Now suppose that the inequality in (5), 

log|u-*f(u-)| > (h—e) RP, 
is satisfied at a set of points (Re**) along argu = 0. Since, as in (6), 
log |e/“| = R’ 
at all real points z/u = R’ (> 0), it follows that at points 


= RR’e’?, 


z=—U 


z 
U 
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for « > 0 and R sufficiently large, 


log|u-1f(u-2)e"| > (h—e) RP-+ RB. (8) 
We choose a subset (R’) to satisfy the relation 
hp Re = R’, 
sothat |z| = RR’ = hpRe+, hp Re = (hp)¥e+)|z\p(o+0, (9) 
whence hRe+R’ = p+1 (hp) e+) |z |ple+, 
P 


Thus, the inequality (8) becomes, for some «’ > 0, 
log|u-*f(u-*)e*™| > (h’—e’) |z|?’, (10) 


where p’, h’ are the respective order and type of F(z) as in § 1. 
Assuming, as stated, that argz = @ is the only direction of strongest 
growth, then (10) will be attained in the integral (7) only for a relatively 
short length of arc of the circle |u| = R. On account of the continuity 
of the integrand, the method of steepest descent then shows that, for 


some e” > 0, |F(z)| > exp(h’—e")|z|P (11) 
for that set of values of |z| along argz = e* satisfying (9), which can 
be written h'p'|z|\' = hpR?, ie. |z| = hp Rew. (12) 


Formula (12) thus establishes the relationship between the set of 
points Re along a unique direction of strongest growth of z—1f(z-) or 
G(z) at which the moduli of these functions are large in the sense of 
(5) and the set of points |z\e along the corresponding direction of 
strongest growth of F(z) at which | F(z)| satisfies (11). Hence we have 
the theorem: 


THEOREM 3. Along corresponding directions of strongest growth of F(z) 
and G(z) which are unique, the sets of points at which |F(z)| and |G(z)| 
are large are related by (12). 


There are two kinds of isolable directions of strongest growth, one 
which is unique and one which is the sole limiting direction of a countable 
set of directions of strongest growth. In the latter case a dissection 
process can be used [see (5) where further references are given] which 
is similar to that arising with a unique direction of strongest growth 
but involving a limiting process. Hence, by a slight modification of 
the proof, the results of Theorem 3 can be made to apply to this case 
also. We therefore have the theorem: 
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THEOREM 4. Along corresponding directions of strongest growth of F(z) 
and G(z) which are isolable, the sets of points at which |F(z)| and |G(z)| 
are large are related by (12). 


4. Sets of directions of strongest growth 

Apart from the case referred to above, sets of directions of strongest 
growth present a more complicated situation than that arising with a 
unique direction of strongest growth, and one cannot expect such sharp 
results. 

Suppose that the directions of strongest growth of z—1f(z-') are all 
contained in the angle jargz| <a. Then the inequality 


log M(r) > (h—e)r? (13) 


for « (> 0) given arbitrarily, is attained at points in the angle for a set 
of r of maximal linear density (7—«)/z7 at least [(5) Theorem 5]. 

The proof of this result depends on the application of Theorem A to 
a theorem of Pélya’s [see (5) Theorem E; (4) 622 Satz IV] and the use 
of the following lemma, due to Lindeléf [(1) 42-45]: 


Lemma 3. Whenever 
(Lo (A) < ja, < (+e (MA) (> 0), 
n n 
then (h—e)r? < log M(r) < (h+e)r? (n > 1; 7 > 1), 
and conversely. Further, the sequences for which these inequalities hold 
satisfy the relation n = hprP{1+e(r)}, (14) 
where «(r) tends to zero with 1/r. 


In the case of F(z), the coefficient a, is replaced by a,/n! and the 
results in (13) and Lemma 3 continue to hold provided that p, h and 
log M(r) are replaced by p’, h’, and log M,(r’), where M,(r’) is the maxi- 
mum modulus of F(z) on |z| = 7’. The two versions of (14) that so 
appear are connected through the same sequence of n to give 


h'p'r'P{1+-e'(r’)} = hpre{1+e(r)}, (15) 


where (7) and e’(r’) each tend to zero with 1/r and 1/r’. 
The consequences of these results are set out in the theorem: 


THEOREM 5. Let G(z) have a set of directions of strongest growth con- 
tained in \jargz| <a, including the directions argz = +a. Then F(z) 
has a corresponding set of directions of strongest growth contained in the 
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same angle, including the arms of the angle. Moreover, the inequalities 
log M(r) > (h—e)r?, log M,(r’) > (h’—e’)r’?, 


hold for sets of r and r’ of maximal linear density (r—«)/7 at least, and 
corresponding values of r and r’ are connected by (15). 


It is assumed, as has been proved by Pélya [(4) 613 Satz I], that 
such a set of directions of strongest growth is closed and not empty. 
Also, it has been assumed that the angle containing them can be bi- 
sected by the positive real axis. As a rule this is not the case, but there 
is no loss of generality in the assumption since a simple change of the 
variable z suffices to bring about this situation. 

Theorems 3-5 represent the ultimate development of the ideas in 
Theorem 1, and the results of Theorems 1-5 are set out briefly below. 

The directions of strongest growth of F(z) and G(z) are identical and 
corresponding members are of the same kind, each to each. Further, 
the sets of points at which log|F(z)| and log|G(z)| are large are given 
by the correspondences in Theorems 3-5. From this one can see how 
closely the asymptotic behaviour of the coefficient function F(z) reflects 
the behaviour of ¥(z) in the neighbourhood of its isolated essential 
point. 

Finally, if, in place of y(z), we take a function x(z) which has in its 
field of singularities the isolated essential point given by G(1/(1—z)), 
then, by a simple process of dissection, x(z) can be expressed as the 
sum of G(1/(1—z)) and y*(z), where y*(z) is regular at z = 1. From this 
it follows that the results obtained for (z) can be applied in the more 
general case of y(z), as in the theorem: 


TueorEM. Jf an analytic function has, as its nearest singularity to 
the origin, an isolated essential point of finite positive order and mean type, 
then its directions of strongest growth in the neighbourhood of this point 
are identical with those of its coefficient function. Moreover, corresponding 
directions of strongest growth are of the same kind, each to each, and the 
modulus of the function is large in the neighbourhood of the singularity at 
corresponding sets of points to those at which the modulus of the coefficient 
function is asymptotically large. 


If the isolated essential point is not the nearest singularity to the 
origin, then it will be necessary to dissect the coefficient function so as 
to separate off that part of it which is associated with the isolated 
essential point. The relations between this and the isolated essential 
point then hold as given in the theorem above. 
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THE DETERMINATION OF THE 
TRANSMISSION COEFFICIENT 


By J. B. McLEOD (Ozford) 
[Received 15 February 1960] 


1. Ler us consider the one-dimensional wave equation 


d2 

4+ A—ae)y = 0 (—0 <a <a) (1.1) 
where q(x) is a continuous function which tends to —0o both as x-> +00 
and as « > —oo. Then, if g(x) satisfies certain conditions of smoothness, 
Titchmarsh [(1) §§ 5.7, 5.8] has shown that the solutions of (1.1) behave 


as x — +00 like linear combinations of 
{A—q(x)}-* exp i | [A—q(t)]}* at); , 


and by a similar argument the same result holds as x > —oo. 
The shape of q(x) is roughly as shown: 


gh nape ase 
ae I a 0 
Since q(x) is proportional to the potential energy, this means that the 
corresponding physical problem is that of a one-dimensional wave and 
its penetration (or non-penetration) of a potential energy barrier. Let 
us suppose that the wave incident upon the barrier is incident from the 
left. Then in region I there will be both the incident wave and a wave 
reflected from the barrier, while in region III there can be only a trans- 


mitted wave. Since this must be moving to the right, it may be taken 
in the approximate form (as x > +00) 





{A—q(zx)}-! exp{i(w—}n)}, (1.2) 
where we now write 
w = w(x) = | [A—g(t)}* dt, (1.3) 
xX 


X being the greater zero of A—q(z). 
In region I, as already explained, the wave contains both an incident 


Quart. J. Math. Oxford (2), 12 (1961), 153-8. 
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part (moving to the right) and a reflected part (moving to the left), 
and so may be taken in the approximate form (as « — —oo) 


{A—q(z)} [x exp{i(w, —}2)}+Bexp{—i(w,—}n)}], (1.4) 
Xi 
where we write w, = w,(z) = | [A—q(t) |* dt, (1.5) 


zx 
X, being the lesser zero of A—q(x). In (1.4), the first term gives a wave 
moving to the left, i.e. the reflected part of the wave, and the second 
term gives the incident part. 
The transmission coefficient is in effect the proportion of the incident 
amplitude which is transmitted and so is defined to be 


T = 1/ (BI. 
This quantity, being of some physical significance, has been evaluated, 
and we have, e.g. [(2) equation (9.3.104)], that 


T=ze-*, (1.6) 
x 

where = | IA—q(t)|# dt. (1.7) 
Xi 


The proof given of this is not rigorous, nor is there any estimate of 
the error involved in (1.6). It is my attempt in this paper to supply 
a rigorous proof and to obtain an estimate of the error involved. 

The assumptions on g(x) which we shall require are as follows: 


(i) g(x) is a twice continuously differentiable function of x; 
(ii) g(x) > —oo as |x| > 00; 
(iii) q'(x) is ultimately negative as x > +00 and ultimately positive 
as x > —0O0; 
(iv) as |a| > 00, g(x) is three times continuously differentiable, with 


ee) 
q(x) x q (x) x q (x) x 


(v) as |x| > 00, q(x) is ultimately of one sign, though this sign may 
be different for the two different x-limits; if this sign is positive for 
either limit, then for that limit we must also have 


q(x) /q(x) = 1/a. 

As we shall see, these conditions are sufficient to ensure that there 
are unique solutions of (1.1) which behave like (1.2), (1.4) as |a| > oo. 
We shall prove, under these conditions, that, if the particular solution 
which behaves as x > +00 like (1.2) also behaves as x -> —oo like (1.4), 
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then for sufficiently large negative 4, 
1/ \B\? = e**{14- OA) + OA4X-) + OA>AXTY}, 
where, as before, X,, X are the lesser and greater zeros respectively of 


A—q(x) and « is given by (1.7). 


2. For x > X,, we define w(x) by (1.3), together with 





(’ (x > X), 

argw = 

$n (x < X). 

If we further define n(x) == A—q(x)}y, 

then the equation (1.1) transforms into 
d*» 5s . 
Tat (1+ gaa)" = f(x)n, (2.1) 

paee fe) = 2 ___¥@) 5q'%(2) 


) = 36w? 4A—g(a)}®  16A—q(a)}*" 
Further, (2.1) is formally equivalent to the integral equation 
(x) = (frw)t HY (w)+ 


+4ri { (A? (w)J(0)—J,(w) HP (0)}-0tOHf (t)n(t}A—q(e)}# dt, (2.2) 


where 6 = wit). : 
We can now follow Titchmarsh, as in (3), in proving that, for suffi- . 
ciently large A, 


| (f@)| A—a(a)|4 dx = OQ) + 0Q4X™), (2.2a) 


Titchmarsh in the reference given is dealing with the case of large 
positive A and g(x) > +00 as x > +00, with ultimately q’(x) > 0, but 
the analysis is sufficiently similar in the present instance to require no 
repetition, provided that the ultimate sign of q’(x) is taken to be 
negative. (The alternative of the positive sign will be considered 
below.) Also, if q’(x) is ultimately negative, and, since we also have 
q'(x) ultimately negative, it follows that ultimately g(x) << —Az, for 
some positive constant A, and so A-? is negligible beside A-*X-1. Thus 
the term O(A-) in (2.2a) can be omitted. This is in accordance with 
Titchmarsh’s work, where the term O(A-!) is not mentioned because 
it is negligible. 

There is need to mention the term O(A-') only when the ultimate 
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sign of q"(x) is positive, with of course g’(x)/q(x) =< 1/x, and the corre- 
sponding situation when q(x) > +0, i.e. with q’(x) ultimately negative, 
is not considered by Titchmarsh. However, Titchmarsh’s analysis still 
applies in essence. For the purpose of the assumption that ultimately 
q(x) < 0—which, as we saw above, reduces our analysis effectively to 
that given by Titchmarsh—is to ensure that 
\A—q($X)| > $/Al. (2.2 b) 
It would be equally satisfactory for the argument if the constant $ on 
the right-hand side of (2.2 b) were replaced by any positive constant A, 
and we can do this if q"(x) > 0, with q’(x)/q(x) = 1/x. For then 
A—q($X) = o(X)—q(2X) 
= $Xq'(f) (3X <€< X) 
= $Xq'(X), 
since q"(z)/q'(«) = O(1/x) implies q’($X) = q'(X), 
= q(X), since q'(x)/q(x) = 1/2, 
=A. (2.2.¢) 
Armed with the result (2.2a), we can proceed to solve (2.2) by 
iteration [cf. (4) § 3], and for sufficiently large negative A the solution 
satisfies 
(}7w)*H{ (w)+ O(A-te-™ &) + O(A-#X —1e-™m &) 
(uniformly in 0 <2 < X), 


(x) = : 
ee deytEtG(0o)+ Of f Lf |IA—a(O i 


(uniformly in X < x < o). 
It therefore follows that, as x > +00, 
: n(x) ~ (}7w)t HY (w), 
and, since for large |w|, with argw = 0, 
($2rw)t HY (w) = ete-47-29f] + O(w-)}, (2.2d) 


we have further that 
n(x) ~ exp{i(w—}a— }n)}. 


But the particular solution of (1.1) which we are investigating, say 
W(2), satisfies Y(a) ~ A—a(x)}texpfi(w—In)}, 
and so (x) = e{A—g(x)}-*n (zx). 
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Accordingly, in 0 < x < X, for sufficiently large (negative) A, 
(A—q(x)}*yp(ar) = eb 4( orev) (ww) + O(A-He-im ”) 4 O(A-AX tei w), 
Further, for large |w|, with argw = 32, (2.2d) still holds, and, for 


0<2x<}X and sufficiently large A, O(w-') can be replaced by 
O(A*X-1). For 


= | fa—aqny a 
x 


1x 
[atop a 


+x 
> 4X |A—q($X)|* 
> FAX|A!!, by (2.2b) or (2.2¢). 
Hence finally, in 0 < x < }X and for sufficiently large A, 
{A—q(x)}'pb(a) = e#-2M{1 4+ O(A-2) + O(A-*X—)}. (2.3) 
We can similarly obtain solutions based on X, instead of on X. For 
x < X, we define w,(x) by (1.5), together with 
ga (x > Xj), 
0 (x< Xj). 








argu, = 


Then, by following through the same analysis as before, we find that, 
since, as x > —0oO0, ; 
{A—q(x)}4(x) ~ aexp{i(w,—}7)}+Bexp{—i(w,—}n)}, 
we must have, uniformly for —o <2 < X,, 
{A—q(x)}4yp(x) = oetri (f7w,)tHY (w,) + Be-***( dw, tH (w,)+ 


+0{ j iat)| 2—ao a, 


where g(t) is just f(t) with w, replacing w. Now, for X, < x < X, we 
have argw, = 37, and, for large |w,|, with argw, = in, we have once 
again that (2.2d) holds (with w, replacing w), and also that 
($2rw,)'H (wy) = {e—tr—t7 17) 4 giturtia +i f] + O(wy})}. 
Hence, as before, we have finally that, in }X, < 2 < 0 and for suffi- 
ciently large A, 
(A—g(x)}4p(z) 
= {(a—f)et-")-4 Be-He-¥}11.-+ OAH) FOAXTY}. (2.4) 
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The results obtained from (2.3) and (2.4) by formal differentiation 
also hold, and we have, in 0 < x < }X, 
{A—q(x)} hh’ (x) = ie*”-§M{1 + O(A-1) ++ OA X—)}, 
while, in }X, <x < 0, 
—{A—4(x)} 4p’ (x) 
= {i(a—B)e%—I™) — pBe-*1-t 1 + O(A-#) + O(A-* XZ })}. 
At x = 0, the Wronskian of the two different expressions obtained 
for (2) must vanish, i.e. at x = 0 
etlw—Im)fi( — B)etwi—im)__jBe-iwi—iM}1 4. O(A-#) +- O(A-4X 1) +4 O(A-*XT})} 
= —iellw-I f(y — eWer-t7) 4 Be-ier—t61 + O(A-1) + O(A-EX-3) + 
+O(A*X71)}. 
Hence 
2(a— B)etw+r—-47)f] + O(A-#) 4+ O(A-*X -1) 4+ O(A-* XT })} 
= Bete O(A-#) + O(A-AX-1) + OA*XT)}, 
so that a—B = O[Pe-*rf|A-4) 4 |A-*X-2|4 |A-4AXT3)}]. (2.5) 
But (x) must also be continuous at 2 = 0, and so, substituting (2.5) in 
the condition for continuity, we obtain 
B = eltwosen-™0f1 + OAH) OAAX)+OA4X7H}. (2.6) 
Xi 


Since w+w, = | {A—q(t)}# dt = —ix, 
x 


(2.6) gives the required expression for 1/ |B|?. 
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A NOTE ON FREE MODULES OVER THE 
STEENROD ALGEBRA 


By W. D. BARCUS (Brown University, U.S.A.) 
[Received 13 September 1960] 


Let p be a prime, and let A denote the mod p Steenrod algebra [for the 
definition and properties of A cf. (1) and (4)]. By ‘A-module’ we shall 
always mean ‘unitary left A-module’. 

The importance of free A-modules has been emphasized by their 
occurrence in J. F. Adams’ spectral sequence (1) and in his work on 
the non-existence of elements of Hopf invariant one. It is known that, 
if M is a free A-module, then any direct summand of JM is also free; 
in fact, this follows from Lemma 1 below and a theorem of Kaplansky 
[(3) Theorem 2]. We shall prove a partial converse: 


Proposition. If M is a free A-module, then any finitely-generated 
free submodule of M is a direct summand. 


We shall need only the following properties of the Steenrod algebra: 
A is an associative algebra over a field, with a unit 1, which is 


(1) graded: i.e. as a vector space A is the direct sum of a sequence 
of subspaces Ao, A,,... such that, if a ¢ A;, b € A;, then ab € A;,;; 

(2) connected: i.e. Ag is generated as a vector space by 1. 

(3) Any finite set of elements in A generates a finite-dimensional sub- 
algebra. 


Lemna |. A is a local ring, in the sense that the non-units form a two- 
sided ideal I(A). 


LemMA 2. Every finitely-generated proper right ideal in A has a non- 
zero left annihilator. 


The proposition follows from Lemma 2 and a theorem due to Bass 
[(2) Theorem 5.4]. 


Proof of Lemma 1. Set I(A) = } A,. Clearly I(A) is a two-sided 
n>0 


ideal. It follows from (1) and (3) that every element of J(A) is nil- 
potent and is thus a non-unit. It remains to prove that any other 
element of A is a unit. Such an element can be written as A+-a, where 
A€ Ay, ac I(A), and A ¥ 0; and, by (2), it is sufficient to consider the 
case A= 1. Since a is nilpotent, the series 1—a-+a*—a*-+.... reduces 
to a finite sum, and yields an inverse for 1+-a. 
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Proof of Lemma 2. Let J be a proper right ideal in A, generated by 
a finite set of elements ),,..., b,,. Since J is proper, from Lemma 1, each 
b; must lie in J(A). Let c,,...,c, in [(A) be the set of homogeneous 
components of the 6’s. There is a finite-dimensional graded subalgebra 
C of A which contains c¢,,..., c,; according to (3), the graded subalgebra 
generated by the c’s is such. Let d in C be a non-zero homogeneous 
element of maximal gradation. Then d annihilates every homogeneous 
element of positive gradation in C: in particular, c,,..., c,. Thus d is 
a left annihilator for J. 

This completes the proof of the proposition. 

It is shown in (4) that the Steenrod algebra is actually the union 
of an ascending sequence of finite-dimensional graded subalgebras 
S*(1) c. F*(2) c..., so that the subalgebra C of Lemma 2 can be taken 
to be /*(n) for some sufficiently large n, depending on ),,..., 6,,. Then 
(4) Proposition 2 implies that the following is a non-zero homogeneous 
element of ./*(n) of maximal gradation: in Milnor’s notation, if p = 2, 
d = Sq*, while, if p # 2,d = Q)...Q, F*, where 

R = (p"—1, p"“1—1...., p—1, 0, 0....). 


I am indebted to the referee for clarifying the presentation of this 
note. 
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